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Abstract

In the discretization of the primitive equations for numerical calculations, a formulation
of a three-dimensional spectral model is proposed that uses the spectral method not only
in the horizontal direction but also in the vertical direction. In this formulation, the
Legendre polynomial expansion is used for the vertical discretization. It is shown that
semi-implicit time integration can be efficiently done under this formulation. Then, a
numerical model based on this formulation is developed and several benchmark numerical
calculations proposed in previous studies are performed to show that this implementation
of the primitive equations can give accurate numerical solutions with a relatively small
degrees of freedom in the vertical discretization. It is also shown that, by performing
several calculations with different vertical degrees of freedom, a characteristic property
of the spectral method is observed in which the error of the numerical solution decreases
rapidly when the number of vertical degrees of freedom is increased. It is also noted
that an alternative to the sponge layer can be devised to suppress the reflected waves
under this formulation, and that a “toy” model can be derived as an application of
this formulation, in which the vertical degrees of freedom are reduced to the minimum.
Keywords: three-dimensional spectral model, Legendre polynomial, semi-implicit time-

integration, benchmark experiment, toy model equation
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1. Introduction

In recent years, with the improvement of computational power, non-hydrostatic atmo-
spheric models have become available even for the entire globe(e.g. Stevens, et al, 2019).
However, General Circulation Models (= GCMs) based on the primitive equations, which
include hydrostatic equation, is still used for calculations at forecast centers where results
must be obtained within a limited computational time, and for climate research where
time-integration over a long period of time is required. In addition to the realistic GCMs
used in these fields, mechanistic GCMs, which omit the physical processes and extract
only the dynamics, are now widely used in researches of atmospheric dynamics(e.g. Boljka,
et al, 2018). The dynamical core of most GCMs has been implemented using the spec-
tral method with spherical harmonics expansion in the horizontal direction and the finite
difference method in the vertical direction. It is considered to be a relatively mature tech-
nology. However, there is no general guiding principle for how the grid points should be
distributed in the vertical direction. In addition, the use of the finite difference method
in the vertical direction causes a truncation error. If a more accurate discretization is
possible with the same discretization degrees of freedom, it can lead to an improvement
in computational efficiency. One such solution is to use the spectral method also for the
vertical direction. However, there have been very few attempts to do so in the past. To the
best of the authors’ knowledge, there have been only two attempts. One is the formulation
proposed by Machenhauer and Daley (1974) using the Legendre polynomial expansion in
the vertical direction, and the other is the formulation proposed by Kuroki and Murakami
(2015) using the Chebyshef polynomial expansion in the vertical direction. Although the
formulation by Machenhauer and Daley (1974) was a pioneering attempt, there are ad hoc
points regarding the avoidance of singularity at the top of the atmosphere as we will see

later in this paper. In addition, since Machenhauer and Daley (1974) was published more
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than forty years ago, modern benchmark calculations such as those proposed by Held and
Suarez (1994) and Polvani, et al (2004) were not conducted. On the other hand, in Kuroki
and Murakami (2015) modern benchmark calculations were performed, and it was shown
that using the spectral method in the vertical direction yielded results consistent with
those obtained by the finite difference method. However, the details of the discretization,
including the treatment of the singularity problem at the top of the atmosphere, were not
clarified in Kuroki and Murakami (2015). In addition, the application of the semi-implicit
method in this formulation was not attempted in Kuroki and Murakami (2015).

In the present manuscript, we propose a new formulation of the spectral method using
the Legendre polynomial expansion in the vertical direction, which avoids the singularity
at the top of the atmosphere in the expansion itself. We also describe how the semi-implicit
method can be applied under this formulation. Based on this formulation, a numerical
model is developed and used to perform modern benchmark calculations to show that this
implementation of the primitive equations can give accurate numerical solutions with a
relatively small degrees of freedom in the vertical discretization. Furthermore, it is also
noted that an alternative to the sponge layer can be devised to suppress the reflected
waves under this formulation, and that a “toy” model can be derived as an application of
this formulation, in which the vertical degrees of freedom are reduced to the minimum.

The remainder of the present manuscript is organized as follows. Section 2 describes
the governing equations and non-dimensionalization of them. In Section 3, the new for-
mulation of the three-dimensional spectral method is proposed. Section 4 describes how
the semi-implicit method can be applied under this formulation. In Section 5, we present
the results of modern benchmark calculations using the numerical model based on the
formulation proposed in the present manuscript. Finally, a discussion and summary are

presented in Section 6. In addition, an alternative to the sponge layer to suppress the
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reflected waves under this formulation is proposed in Appendix A, and Appendix B de-

scribes how a “toy” model can be derived as an application of this formulation.

2. Governing equations

As the governing equations, we use the primitive equations in o-coordinates on a rotat-
ing sphere (see Durran (2010) for the derivation). The length scale, the temperature scale,
and the time scale are non-dimensionalized by using the radius of the sphere (a,), the
reference temperature (Tp,), and a,/+/R.To,, respectively. Here, R, is the gas-constant
for the dry atmosphere, and the subscript, *, denotes that the parameter with this sub-
script is a dimensional one. Based on this non-dimensionalization, the velocity scale and
the geopotential are non-dimensionalized by using /R, Ty, and R,Tp,, respectively. The

primitive equations with the non-dimensionalization described above can be written as

follows.

00 1 oB 0 1 _

00 _ ob o TN L O2(d L 02 2y o2

ot 1= 2 O\ 8,u(vl p2A) V(CI)—i—z(u +v%)) — (T +7)V-s, (1)
o¢ 1 0A 0

I 9E 12

o= T Eon op\ViTwB) (2)
or 1 or or 0 —

o 0 _
— = —u——————vy/1 — T — T
5 umm v “au a0( +r)+<0+0+/1(0+6)da)/<;( +7),

(3)
ds

o :/1 (C +9)do, (4)
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1 Js 0s
—y— 1— 222
C umw\—%v M(‘?u’ (7)
€= 200+ ¢, (8)
0 0
d—/ (C()\,u,a’,t)+5(A,,u,a’,t))da’—a/ (C + §)do, (9)
o 1
o/ /
v | TR0 o (10)
1 o

Here, € is the non-dimensionalized angular velocity of the sphere, kK = R./C,,, where
C,, is the specific heat at constant pressure, ¢ is the non-dimensionalized time, X is the
longitude, u = sin ¢, where ¢ is the latitude, o = p./ps,, where p. (A, 1, 0,t) is the pressure
and ps, (A, i, t) is the surface pressure, s = In(ps,/po,), where py, is a reference pressure.
The variable ®'(\, u, 0,t) is the non-dimensionalized geopotential with the global mean
component subtracted, and ®.(\, p) is the surface value of ®'. The variables §(\, p, 0, t)
and (A, u, 0, t) are the non-dimensionalized horizontal divergence and vertical component
of the vorticity, respectively, which satisfy § = V?y and ( = V2. Here, x is the non-
dimensionalized velocity potential, v is the non-dimensionalized stream-function, and V>

is the non-dimensionalized horizontal Laplacian, which is defined as,

, 1P 0,0
V— 28A2+3 (1 ,u)au.

The non-dimensionalized (eastward, northward) flow velocity (u,v) is expressed in terms

of x and v as,

‘T \/1_78/\ —Vi-# \/78)\ A

As for the non-dimensionalized temperature field T'(A, i, 0, t), we divide it into the basic

state T(o) and the perturbation from it as, T'(\, u, 0,t) = T(co) + 7(\, u,0,t). Further-

5
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more, we divide the perturbation 7(\, u, 0, t) into the global mean component 7 (o, t) and

the perturbation from it as, 7 = 7(o,t) + 7' (\, i, 7, t).

3. Discretization

We expand the dependent variables, §, ¢, 7, and s, by using the spherical harmonics
in the horizontal direction and the Legendre polynomials in the vertical (o) direction as

follows.

S0, ) =Y D> Spma(t)Yam(X ) Pi(1 = 20), (11)
C o t) =) 3 > Guma(D)Yam(A ) Pi(1 = 20), (12)
Ao t)=> TOP1=20)+0> Y > mhmi()Ym(N\ p)Pi(1—20), (13)

S(A, 1, 1) :Z Z Snm (8)Ynm (A, 1) (14)

n=0 m=—n
Here, Y,"*(A, u) is the spherical harmonics and P(n) is the Legendre polynomial. We define
nasn=1—20. That is, 0 = (1 — n)/2. The parameter M is the horizontal truncation
wavenumber, and L is the vertical truncation wavenumber. In the vertical direction, we
ought to call L “truncation degree” because we use the Legendre polynomial expansion.
However, for convenience, we call L the vertical truncation wavenumber in the present

manuscript. The spherical harmonics, Y, (A, ), is defined as,

Yn,m()\u M) = Pn,|m|(lu’)eim>\' (15)

Here, P, (1) is the associated Legendre function, which is defined as,

dn—i—m
(1— MQ)m/QW(MQ 1" (0<m<n). (16)

(n —m)!
(n+m)!2mn!

Pyom(p) = \/(Zn +1)
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Note that P(u) is normalized to satisfy the following orthogonality relation:

1 1 (n=n),
L / P (1) Pt 1) = (17)
- 0 (n #n).

By using (16), the Legendre polynomial P;(n) is defined as the case where n = [ and m = 0
with setting ;1 = 1. Our original idea in the expansion (13) is to divide the right-hand
side into two parts. The first term corresponds to 7 and and the second term corresponds
to 7. By multiplying the second term by o, the singularity in o’ — oo that appears in the
integral of the defining expression of ®’ (10) is avoided in the expansion. Machenhauer
and Daley (1974) also attempted to avoid this singularity, but the expansion of 7 there was
done using the usual Legendre polynomial expansion, with a somewhat ad hoc process
of adjusting the expansion coefficients of 7 at each time step. Our approach to avoid
this singularity is more systematic, considering the Galerkin formulation described below.
This singularity could also be avoided by not placing the model top at ¢ = 0. However,
in that case, the spectral method in the vertical direction degrades to the collocation
method, not the Galerkin method, and then, the aliasing error cannot be removed and
the symmetrical band structure of the matrices which appear in the semi-implicit time-
integration will be lost.

In the expansion of 7/, the second term of the right-hand side of (13), the truncation
wavenumber of [ is set to L —1 in order to take the fact into account that the entire second
term is multiplied by o, so that the highest order of ¢ in the term is L, the same as in
the expansions of ¢ and ¢, which are defined by (12) and (11), respectively. Also, if the
truncation wavenumber of [ is L in the expansion of the part corresponding to 7/, then
from (10), ®’ has components up to L+1 order for o. In that case, for &' — &/ (¢ — 1) to
be satisfied, all the components of &' up to L+ 1 order must be considered. However, since

the expansion of § is up to order L, constraints on (1) to derive the evolution equations

7
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for the coefficients of 9, ,,; are only up to order L (see (18) below), which means that
06/0t = 0 can not be satisfied at 0 = 1 even if u = v = s = ¢, = 0. This also implies
that the truncation wavenumber of [ in the expansion of 7" should be L —1. In Subsection
A4, we will explain another reason for this choice of the truncation wavenumber.

Now, by applying the Galerkin method to the governing equations, the time-derivatives
of Onmts Cnmids Tts Ty @0d Sy, are determined. Letting the right-hand sides of (1)-(4)
be expressed formally as Fs(\, p, 0,t), Fe(A p,0,t), Fr(A p,o0,t), and Fy(A, p1,t), respec-

tively, the time-derivatives of 0, n.1,Crm.,71, and Sy, are determined as,

d 1
ot < / i\ 000V, N ) R(L = 20 ) (18)
dgn,ml F )\
= L0 0, 8) YO0, ) PI(1 = 207)dor ) (19)
dTl
= FT (A, i, 0,t) (1 — 20)do ), (20)
dt 0
dsn,m
R (g Y- ) 21

Here, (-) is the global mean, whose operation is determined as,

1 2T 1
= — - dud.
4m /0 /—1 H

On the other hand, by considering that the expansion of 7'7’%m7l is multiplied by o, the

time-derivative of 7, is determined as,

L1

dr 1
ZB”, T’Zé:’l = </ HOWINA) SO} ,u)aPl(l—Qa)da> (l=0,1,...,L—1).
I'=0 0

(22)

/
nml

Here, (22) is a simultaneous linear equation for —=

, where By is defined as,

1
Bll/:/ O'QPl(l—ZO')Pl/(l—QO')dO'
0

=y (%’) Py Pe)n
L (5 - 37+17) PP



1

o

9

150

151

152

153

154

Now, by using the following equations for the Legendre polynomials,

! 141 _
nPi(n) = 1/(21-1)(21+1)Pl_1<n) t J@nae) Pia(n) (=12,
141 _
(20+1)(20+3) Pia(n) (I=0)
1’ Pi(n)
(1—1)1 2124211 (4+1)(+2) —
(21—1)\/(2l—3)(2l+1)Pl_Q(n) + (21—1)(2l+3)Pl<77) + (2l+3)\/(2z+1)(2z+5)P“FQ(”) (I
2124211 (+1)(I+2) _
(21-1)(21+3) 1(n) + (20+3)4/ (20+1)(20+5) Pira(n) (1

and the orthogonal relation (16), the components of By can be expressed as,

Bll’

(

3124312 (I'=1)

+1

l

1 2124211
1 (1 + (20—1)(21+3)
24/ (214+1)(2143)

24/ (21-1)(21+1)
(141)(1+2)

)_

(1-1)i

4(214+3)4/(21+1)(21+5)

0

\

4(20-1)4/(21-3)(20+1)

= 2@—1)(21+3)

'=1+1)
(I'=1-1)
(I'=1+2)
I'=1-2)

(0 =1 = 3,4,...).

In the matrix form, (By) can be expressed as follows.

(Bu) =

W=

[\o}
SH
w

|H

g

o

1 1 0
2v/3 6v5
2 __1 3
5 V15 1021
__1 8 __3
V15 21 2V/35
3 3 17
10v/21 2v/35 35

This is a pentadiagonal symmetric matrix.

Calculations of o-derivatives in (3), (5), and (6) can be done by noting that

2,3,. ..

0,1)
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and the following formula for the derivative of the Legendre polynomial,

d —=—=—=P1(n) — ———=PF(n) (=12,--)
(1— ng)d Py = { VEDEHD /(@1+1)(2043) (23)
g ———U__p.i(n) (t=0).

(204+1)(21+3)

Furthermore, in the calculations of (9) and (10), it is necessary to calculate the definite
integrals of the Legendre polynomial. These integrals can be calculated as follows. Firstly,

integrating both sides of the following equation,

d d
— (1 —=n*)—P = —l(l+1)R, 24
=P nm =i am, (21)
we obtain,
~ta+0) [ = [0- AR 2
By using (25), the following equations are obtained.
0 1 —11-n)=-0 [=0
’ ! _21(111)(1 - 772)%]:)1(77) (1 #0),
’ " —il+np)=0c-1 (I1=0
/ Pl(l - 20/)d0'/ — _%/ Pl(n/)d??/ _ 2( ) ( ) (27)
' - s (L= 1) g P(n) (14 0).

By using (26) and (27), we can calculate the definite integrals of the Legendre polynomial

in evaluating (9) and (10).

3.1  Transform method

In the equations (18)—(22) that determine the time-derivatives of the dependent vari-
ables, the transform method is used to evaluate the integral on the right-hand side. That
is, we introduce grid points in the horizontal direction as, (A\;, ;) (i = 1,2,...,1; j =
1,2,...,J) and grid points in the the vertical direction as, oy, (k = 1,2,... K), to calculate

the integral on the right-hand side by summing the weighted grid values.

10
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For example, the right-hand side of (18) is calculated as follows.
K
wW; W,
E ’ _k Azaﬂj>akv )Y ()‘inu’j)Pl(l - 2Uk)' (28)

I
E: 2 2

i=1 = j=1 k=1

~| =

Here, \; = M (t=1,2,...,1)and p; (j=1,2,...,J) are the Gaussian nodes, which
are defined as zero points (sorted in ascending order) of P;(u). The grid points in the
vertical direction, oy (k= 1,2,...,K), are defined as o, = (1 —m)/2 (k= 1,2,..., K),
where, n; (k=1,2,..., K) are zero points (sorted in ascending order) of Pk (n). Also, w;

and W}, are the Gaussian weights, which are defined as,

227 - )12
YT TP ()P

202K - 1)(1— )
W= K P ()2

(j=12,....J), (29)

(k=1,2,...,K), (30)

respectively. In the o-integrals appearing in (18)—(20) and (22), the integrands are 3L-
degree polynomials of o except for the T(c) part. This fact can be confirmed as follows.
In (1)—(10), u,v,¢,d,7",7, 7, and & are L-degree polynomials of ¢. Furthermore, since s
does not depend on o, C'is also an L-degree polynomial of o, and from this, it becomes
clear that ¢ is the product of ¢ and an L-degree polynomial of ¢. Therefore, A and B
are 2L-degree polynomials of o, and from this, it becomes clear that the right-hand sides
of (1)—(3) are 2L-degree polynomials of o. This confirms the statement above. In order
to avoid the aliasing error, we should set K so that 2K — 1 > 3L is satisfied. That is,
since the Gauss-Legendre quadrature formula is used in the vertical direction as well as
in the horizontal direction, the choice of the grid points (oy) in the vertical direction is
automatically determined. Although this may seem a disadvantage in the sense that it
lacks flexibility in the way the grid points are chosen, it can be regarded as an advantage
in that the optimal grid points for accuracy are automatically determined. Since the
Gaussian nodes tend to be dense near the boundary, the grid points (o)) are dense near

o = 0,1. For example, when K = 20, (o) =(0.997, 0.982, 0.956, 0.920, 0.873, 0.818,

11
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0.755, 0.687, 0.614, 0.538, 0.462, 0.386, 0.313, 0.245, 0.182, 0.127, 0.0804, 0.0439, 0.0180,
0.00344) in three significant digits. When K is large, 1 — 0y = o ~ 1.4 x K~% and
01— 09 = 0g_1 — 0 ~ 6.1 x K~2 in a rough approximation. Dense grid points near
o = 1 correspond to the increase of the number of grid points in the lower layer of the
atmosphere. On the other hand, the densification of the grid points near ¢ = 0 does not
necessarily mean that the grid points are dense in the upper atmosphere if we consider the
logarithmic pressure coordinate. On the treatment of the basic temperature field, T(o),
we can give its value and its o-derivative on the grid points since it appears only in the

evaluation of the integral.

4. Semi-implicit time-integration

We denote the vector that formally lumps all of the expansion coefficients
(Onm.ts Cramids T1s Tyt Snum) together as w. Then the time-evolution equations (1)-(4) are

expressed formally as,

%—? = f(u) + Lu (31)
where L is the linear operator for gravity wave propagation (to be defined later), and
f(u) is a nonlinear operator that summarizes the other remaining terms. Now, following
Durran and Blossey (2012), we consider the use of IMEX (Implicit-Explicit Multistep

Methods) for time-integration. Among the IMEX methods, we will use the combination

of AM2*/AX2*. Then the scheme of time-integration can be expressed as follows.

1

E(qmrl —q") = Bof(q") + B_1f (@ ")+ B-af(q" %) + i Lg" +v_1Lg" . (32)

12
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Here, g™ is the numerical approximation to w at time nAt, and At is the time step. The

specific values of the coefficients are,

3 1

7 1
/BUZZ) 5—1:_17 ﬁ—2217 Vi =—, Va1 = Z (33>

In the actual time evolution, (32) is transformed to the following form of a simultaneous

linear equation,

(I = AtL)g"™ = q" + At{Bof(q") + B f(@" ") + Baf(q" %) +v_1Lg" '} (34)

nt1 Here, I is the identity matrix. In the following, we will

and it is solved for q
describe the time-evolution corresponding to the linear operator L. Because the explicit
matrix form of L is not easily constructed, we derive how to obtain Lq from given
q = Onmis Comts T1s Thmils Sn.m) as a procedure. We linearize the time-evolution equation
(1)—(4) with the basic field being the isothermal stationary atmosphere at the temperature
Ty, used in the non-dimensionalization. Note that the choice of the value of Ty, affects the
behavior of the semi-implicit time-integration. We will set Tj, = 300K in the benchmark

calculations shown in the next section. If we also neglect the effect of the rotation of the

sphere, the resulting linearized equation can be expressed as follows.

% _ V2/ To"/;—;g’t)dg' — V2, (35)
1
/ 1 [0
%_72; = H; / 5()\7 ILL7 OJa t)dO'/, (36)
0s 0
pri /1 ddo. (37)

Here, the evolution equation for ¢ is omitted because it does not evolve in time in this
linearization. Now, considering the expansions of the forms (11)—(14) and applying the

Galerkin formulation to (35)-(37) similarly as shown in (18)-(22), we obtain the following

13



24 by using (23), (26), and (27).

On.m 1 1
% =-n(n+1) (—57'7/17”%0 + ﬂﬂz,m,l - smm) ,
a6nml T?’lml—l 7-7/"Lml—‘,-1
— =—n(n+1)| — = + = [ =
ot ( ) ( 2/ (20— 1)(21+1)  24/(2l+1)(21 + 3) (
L1
ot} 1 1
B ’ m, = K __5nm - _5nm )
> b (= 5nma = 5ostum )
[il Bll/ aT;L,m,l’ -k 5n,m,l—1 . 5n,m,l+1 (l —1.9
ot ot 2¢/(20—1)(2L+1) 2¢/(2L+1)(20 +3)
OSp,m

ot om0

25 Therefore, if we define the (L + 1) x L matrix (Ay) as

(=0
Ao = —55 U'=1)
0 (else)
\
.
—1 __  (I'=1-1)
2,/(21—1)(21+1)
Ap(l>1) = S S r— ,
w(21) 24/ (21+1)(21+3) (F=1+1)
0 (else)

\

26 (38)—(41) can be expressed as follows.

0 m,i - n(n+1) (ZZL/;é All’T,/LmJ/ + Sn,m> (1 =0),

ot
n(n + 1) Zf,;é All/T’r’L,m,l/ (l = 17 PN ,L),
L-1 L
87—/ I
By —" = — Apibnmi [=0,1,...,L—1).
VE:O L KI/EZO 0nmy )

14
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(45)

(46)



27 The elements of the matrix (A;) can be expressed as follows.

1 -4 0 0 0
% 0 —\/Lﬁ 0 0
0 £ 0 -k 0
(Aw)Z% 0 0 = 0 0 (47)
00 0 & T —mwer
0
00 0 0 0  GroE

s Using (45), (46), and (42), the procedure to obtain Lq from given q is described as

2

N

20 follows. The components of Lq corresponding to d,,,,; and s, ,, are directly obtained by

N

2

w

o calculating the right-hand sides of (45) and (42). The components of Lq corresponding to

21 T, are obtained by solving the simultaneous linear equation of (46) for d7, . ,/0t. On

22 the other hand, the components of Lq corresponding to ¢, .,; and 7; are zeros since the

W

N
w

s system of linearized equations (45), (46), and (42) contains neither 9¢, /0t nor 07;/0t.
234 Now, denoting the components of the whole right-hand side of (34) corresponding to

25 Onmls Tpomgr A0 Spm by Rs, ., Ry o and Ry, ., respectively, the simultaneous linear

2

w

s equation (34) to be solved can be expressed as follows.

R5n,m,z + VlAtn(n + 1) (ZIL’;(l) All’Tvlz,m,l’ + Sn,m) (l = 0)7

5n,m,l - (48>
R5n,m,z + VlAtn(n + 1) ZZI/:(I) All/Trlz,m,l’ (l =1,..., L)?

L—-1 ~ L

Z Bll/sz,m,l’ = RTT{) i VlAtH Z Al’lén,m,l’ (l = 0, 1, Ce ,L — 1), (49)

=0 o =0

Snom = Rsn,m - VlAt(;n,m,Ou (5())

_ L—1

R, = > ByRy . (1=0.1,....L—1). (51)
I'=0

27 Here, the solution (6, ., 7, s Snm) Of this simultaneous linear equation corresponds to

15



239

240

241

242

243

244

245

246

g™ in (34). For the components of (,,,; and 7; that do not appear here, since the
corresponding rows and columns of L are zero, we do not need to solve a simultaneous
linear equation for these components, but we should simply calculate the corresponding
components of the right-hand side of (34). Now, let us consider the procedure for solving
the simultaneous equation (48)—(50) in the following steps. First, substituting (50) into

(48) and eliminating s, ,,,, we can derive the following equation by setting [ = 0.

I'=0

L-1
5n,m,0 - R5n,m,0 + VlAtn<7'L + 1) (Z AOZ/T;L,m,l’ + Rsn,m — VlAt(Sn,m,()) . (52)

Solving this for d,, 0, we obtain,

1
6nm — R At 1 A !/ 12 s .
0T 1+ (nAt)2n(n + 1) { bnmo T 11 AR+ (Z 0Ty + R n,m> } (53)

Thus, including the cases of | > 1, d,,,,; can be expressed as,

+v1Atn(n+1)Rs,

v Atn(n—f—l) n m, —
1+(i1At Zn(n+1) Zl’ All’ﬂ/z,m,z’ + 1Jlr(y1At)2n(n+1) (l=0),
Onm,g = (54)
viAtn(n +1) 302 Awth v + Rs, (l=1,...,L)

Substituting the expression (54) into (49), we get

L—-1

!
Z BTy, v
I'=0

A
2 0l
+ (VlAt) n(n + 1)Ii (1 T (ylAt 2n n T 1 E Aol Tnml’ + E Al”l E Al”l’ nml’)

=1

~ Rs +V1Atn(n+1 s
=R, —uAtk | Ag—2mt o § AR l=0,1,....,L—1).
Tn,m,l ¢! Kj( 01 1+(V1At>2n n+1 Ul 6nml ( ) ) )

I'=1

27 If we introduce (C, ) as,

Ao Aor
Cn ;= A " A o 56
YT AP+ 1) D A (56)
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25 (55) can be expressed as follows.

L—1
(Bll’ + (ulAt)Qn( )FLCn ll/> nml’
I'=0
- Rs + 1 Atn(n + 1) R
=R,  — 1Atk | Ag—2t wm AR 1=0,1,...,L —1).
homa 1 H( ol 1+ (nAt)?n(n + 1) 1'221 VI onm. ( )

(57)
29 This is now a simultaneous linear equation for 7, , ,, only. The (C,, ) defined by (56) is

»0 an L x L matrix for each n. By denoting as b, = 1/(1+ (1 At)*n(n+1)), the components

251 of (C, ) are calculated as follows.

y

bn + 3 ((1,1") = (0,0))
—J5bn ((1,1") =(0,1),(1,0))
o - s, + = (1,1 = (1,1))
m (Il=0'=k k=23,...,L—1)
_(%71)\/@1}@73)(2“1) (1,1 =(k—2,k),(k,k—2); k=2,3,...,L —1)
\ 0 (else).
(58)
22 The matrix representation of (C,, ;) is as follows.
- boty —mbn —5z O 0 _
—5by gt 0 —zm 0
Y e (59
0 v 0 2 0
0 0 —oz 0 2

3 This is an L x L pentadiagonal symmetric matrix. In the left-hand side of (57), (By) is

4 also an L x L pentadiagonal symmetric matrix, so that the entire coefficient matrix of

17



256

257

258

259

260

261

262

264

265

266

267

268

269

270

271

272

273

274

275

276

Th.my 18 also an L x L pentadiagonal symmetric matrix. Thus, 7)., can be obtained by
solving the simultaneous linear equations with an L x L pentadiagonal diagonal symmetric

matrix as the coefficient matrix for each (n,m). From the obtained 7/, we can obtain

n,m,l>
On.my by using (54), and from the obtained 0y, 1m0, Sn.m can be obtained by (50).

We have now formulated the procedure for time-integration based on (32). However,
since (32) is a three-step method, it is necessary to perform time-integration by some
other means for two steps from the initial condition. Since the scheme (32) is a second-
order scheme, the first two steps must also be calculated by a second-order scheme (or
a higher-accuracy scheme). Here, for simplicity, we propose to integrate (31) with the
following split-step method. First, the time-evolution by the operator L is done by using
the implicit trapezoidal scheme for the time period of At/2. Then, the time-evolution by
the operator f(wu) is done by using Runge-Kutta method of second or higher order for
the time period of At. Finally, the time-evolution by the operator L is done by using
the implicit trapezoidal scheme again for the time period of At¢/2. This maintains the
second-order accuracy in the time direction. In the present manuscript, we use a third-
order three-stage scheme to consider the stability of the gravity-wave component. Since

the time-evolution of the part of the implicit trapezoidal scheme is a time-evolution of

1/2 step, the scheme is expressed as,

At 1
qn+1/2 o qn _ 7 . é(an+1/2 + an) (60)

Thus, we should solve the following simultaneous linear equation,
At At
(I — ZL) g = (I + IL> q". (61)

Since the coefficient matrix appearing on the left-hand side of (61) is simply the one that

replaces the value of vy used in the procedure below (48) with 1/4 instead of 3/4, the

n+1/2

solution for q can be calculated by the the same procedure. Thus, the whole calcu-
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27 lation procedure, including the Runge-Kutta part and writing (61) again, is summarized

s as follows.

At At
(1 30) e (14 340) . @
279
ki=f (qn+1/2) At
1
kg = f <q"+1/2 + gkl) At
X (63
kig = f <q"+1/2 + gkg) At
1
qn+l/2 _ qn+1/2 + Z(kl —|—3k3)
280
At At
(I — IL) gt = (I + IL) q . (64)

w 4.1  Treatment of dissipation terms

282 As in the setting of Held and Suarez (1994), which we will discuss later, we often

23 include a dissipation term in the right-hand side of (31) as follows.

%—1: = f(u) + Lu — Tu. (65)
2« Here, I is the matrix representing the dissipation effect, which we assume to be a diagonal
255 matrix. It is of course possible to combine the effects of this term into the linear operator
s L. In that case, however, the shape of the coefficient matrix becomes more complicated
27 when the semi-implicit method described above is applied. Therefore, in the present

s manuscript, we propose the following method. Introducing the vector-valued function

289 U (t) as

v(t) = eTu(t), (66)
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292

293

294

295

296

297

300

301

we can derive the following equation from (65).

e (F’“(t) + %—?) = " (F(w) + Lu) = ¢ f(e™Tv) + eTLe Mo, (67)

Let us apply AM2*/AX2* scheme to perform the time-integration of this differential equa-
tion for v. Denoting the numerical approximation of v at time nAt as ", the scheme

corresponding to (32) can be expressed as follows.

E(rnJrl . ,,,,n) — BoenAtl"f(eantI‘rn) + ﬁ,le(”’l)mrf(e’("’l)mrr’%l)

+6_2€(n_2)Atrf(€_(n_2)AtFTn_2) (68)

+V1e(n—l—l)AtI‘Le—(n—i-l)AtI‘,rn—f—l + V_le(n—l)AtI‘Le—(n—l)AtI‘rn—l'

e~ (DA from the left to both sides of this equation and noting that

Multiplying
e "ATpn = g, (68) can be rewritten as follows.

Ait(qn—‘rl _ e—AtI‘qn) _ 506—At1"f(qn) + 5_16_2Atrf(q”_1)
(69)

+6_2e—3At1"f(qn—2) + Vqun—i-l + V_16_2AtFan_1.

Therefore, comparing (69) and (32), we can see that the inclusion of the dissipation term
means that we only need to apply attenuation when using values from past time steps.
Note that in this case, the first two steps should also be changed from (62)-(64). The

equations (62) and (64) should be changed to

(I — %L) g2 = ¢ AT (I + %L) q" (70)
and
(I — %L) gt = e AT <I + %L) q, (71)
respectively.
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5. Benchmark experiments and accuracy assessment

In this section, we implement the three-dimensional spectral formulation of the prim-
itive equations described so far as a numerical model, and check that it gives reasonable
numerical solutions by using benchmark experimental settings proposed in previous stud-
ies. In order to check the effect of using the spectral method also in the vertical direction,
we investigate the dependence of the computational accuracy on the discretization degrees
of freedom in the vertical direction.

In the numerical calculations presented in this section, ispack-3.1.0 (http://www.gfd-
dennou.org/arch/ispack/), which is designed based on Ishioka (2018), is used for the

transform method described in Subsection 3.1.

5.1 Benchmark experiment based on Polvani, et al (2004)

First, we calculate the time-evolution of baroclinic disturbances, which grow by baro-
clinc instaility of a mid-latitude zonal jet, based on the benchmark setting of Polvani, et
al (2004).

In the benchmark setting of Polvani, et al (2004), a baroclincally unstable mid-latitude
zonal jet and a zonal temperature field which is in the thermal-wind balance with the jet
are given as the initial basic state. A Gaussian-like initial temperature disturbance is
added to the unstable basic state, and the time-evolution of the whole system, including
the growth of baroclinic disturbances, is calculated. For details of the benchmark settings,
see Polvani, et al (2004). Figure 1 shows the time-evolution of the temperature field
on the o = 0.975 surface, corresponding to Fig. 2 in Polvani, et al (2004). While the
horizontal truncation wavenumber is T341 and the number of the vertical levels for the
finite difference scheme in the o-coordinate is 20 for the calculation of Fig. 2 in Polvani,

et al (2004), the horizontal truncation wavenumber is T170 and the vertical truncation
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349

wavenumber is 13 (the number of the vertical grids is 20) for the calculation of Fig. 1 in
the present manuscript. The time step also differs: At = 150s in Polvani, et al (2004) and
At = 600s in the present manuscript. Comparing Fig. 1 in the present manuscript and
Fig. 2 in Polvani, et al (2004) shows almost perfect agreement on the fine structure of the
contours of the temperature field at time ¢ =12day. It is worth noting that the number of
the vertical levels in the calculation for Fig. 2 in Polvani, et al (2004) is 20, but the vertical
truncation wavenumber for the calculation of Fig. 1 in the present manuscript is 13. This
means that although the vertical degrees of freedom used in the three-dimensional spectral
model here is smaller than that used in Polvani, et al (2004), the development pattern
of the baroclinic disturbance can be calculated with almost the same accuracy by the

three-dimensional spectral model.

5.2 Benchmark experiment based on Held and Suarez (1994)

Next, to check the mean field of long time-evolution, meridional distribution of the
zonal-mean temperature field and the zonal-mean zonal wind field for 1000-day mean
from the 200th day of time-evolution based on the benchmark setting of Held and Suarez
(1994) are calculated by using the three-dimensional spectral model developed in the
present manuscript and shown in Fig. 2. The top panel of Fig. 2 corresponds to Fig.1c
in Held and Suarez (1994), and the bottom panel of Fig. 2 corresponds to Fig. 2 in Held
and Suarez (1994).

The calculation of Held and Suarez (1994) is done using the finite difference method
with 144x72 or a spectral method with T63 for the discretization in the horizontal di-
rection and the finite difference method with 20 levels in the vertical direction. For the
calculation of Fig. 2 in the present manuscript, the horizontal truncation wavenumber

is T85, the vertical truncation wavenumber is 13 (20 grids), the time step At is 720s,
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and the initial disturbance is the same Gaussian-like temperature disturbance as that is
used in Polvani, et al (2004). In this long-time average statistical equilibrium state, the
meridional structures of the zonal-mean temperature and zonal-mean zonal wind fields
are in good agreement with those obtained in Held and Suarez (1994), even though the
vertical truncation wavenumber of the three-dimensional spectral model is 13, which is a

small number of degrees of freedom, as in the case of the previous subsection.

5.8  Benchmark experiment based on Jablonowski and Williamson (2006)

At the end of the benchmark tests, we perform numerical calculations of the growth of
baroclinic disturbances according to the settings proposed by Jablonowski and Williamson
(2006). This setup is similar to that of Polvani, et al (2004), but with a north-south
symmetric zonal wind and temperature fields, and the smoothness of the basic field is
considered. The initial disturbance is a Gaussian-like distribution in the eastward wind
field in the northern hemisphere. Figure 3 shows the surface pressure field on day 9
in the time-evolution calculated based on this benchmark setting, with the horizontal
truncation wavenumber of T170 (512 x 256 grids), the vertical truncation wavenumber is
17 (26 grids), and the time step is 300s. This figure corresponds to Fig. 7a in Jablonowski
and Williamson (2006). However, in the present manuscript, the horizontal diffusion
term for the sponge-like effect in the upper layer, which is added in Jablonowski and
Williamson (2006), is not added. Comparing Fig. 7a of Jablonowski and Williamson
(2006) with Fig. 3 of the present manuscript, we can see that there is a slight difference in
the pattern of the contour lines of 1000hPa because the position of the 1000hPa contour
lines can vary greatly even with very small deviations from the basic field. However, the
contours at other levels show almost perfect agreement down to the fine structure. It is

still worth mentioning that the number of the vertical levels in the calculation for Fig. 7a
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in Jablonowski and Williamson (2006) is 26, but the vertical truncation wavenumber for
the calculation of Fig. 3 in the present manuscript is 17. This means that although the
vertical degrees of freedom used in the three-dimensional spectral model here is smaller
than that used in Jablonowski and Williamson (2006), the development pattern of the
baroclinic disturbance can be calculated with almost the same accuracy by the three-
dimensional spectral model.

Next, we examine the convergence of the numerical solution for the three-dimensional
spectral model with changing the vertical truncation wavenumber. Figure 4 shows the
dependence of the error of the surface pressure field on the vertical truncation wavenumber
L for days 1, 5, 9, 11, and 12, measured in [y norm. The result at L = 170 (K = 256)
is taken as the true value here and we define the difference from it as the error. The
horizontal truncation wavenumber is T85 (256 x 128 grids), and the time step is 150s.
Here, the reason why the small time step is used is to ensure the stability of the calculation
even in the case of L = 170 (K = 256). In Fig. 4, the horizontal places of the markers
indicate the values of the vertical truncation wavenumber L used in the time-integrations
(L =10,11,12,13,14,15,16,17,21,42, and 85). The corresponding number of the vertical
grids, K, is K = 16, 18, 20, 20, 22, 24, 26, 26, 32, 64, and 128, respectively. If the error of
the surface pressure measured in the ls norm is expressed as €, the dependence of € on L
is expressed approximately as € ~ L' for day 1 and day 5. We believe that this is caused
by horizontal propagation of Lamb-wave modes excited by the initial disturbance until
baroclinic disturbances develop due to baroclinic instability. As shown in Subsection A.4,
in this three-dimensional spectral model, the error of phase speed of Lamb-wave modes
is roughly proportional to L™!. Therefore, as Lamb-wave modes excited by the initial
disturbance propagate horizontally, the influence of phase speed difference increases with

time and the error of surface pressure also increases, hence, the error is considered to be
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approximately proportional to L=!. On the other hand, on day 9, in the region where
L is small (L = 10 to L = 15) the L-dependence of € is clearly higher power curve
than L' (about € ~ L), and on day 11 and day 12, a still higher power dependence
(about € ~ L79) is observed in the region from L = 10 to L = 17. This is because after
day 9, as seen in Fig. 3, baroclinic disturbances are sufficiently developed and the error
included in the evaluation of the advection effect due to the vertical velocity becomes
larger than that of the phase speed of the initially excited Lamb-wave modes. Since the
vertical discretization error affects the evaluation of the vertical advection largely, it can
be interpreted that using the spectral method in the vertical direction makes the error
decrease rapidly as L is increased.

In Fig. 4, the error from the initial disturbance itself has a certain magnitude before
the development of the disturbance due to baroclinic instability. Therefore, the effect of
vertical resolution on the improvement of accuracy at the timing of the development of the
baroclinic disturbances is somewhat obscured. In order to resolve this point, we perform
time-integrations again based on the benchmark setting of Jablonowski and Williamson
(2006), but where the amplitude of the initial disturbance is set to 1/1000. Figure 5
shows the surface pressure field on day 19 in such a setup, with the horizontal trunca-
tion wavenumber of T85 (256 x 128 grids), the vertical truncation wavenumber of 170
(256 grids), and the time step of 150s. Since the amplitude of the initial disturbance
is reduced, the development of the baroclinic disturbances is delayed compared to the
case of Fig. 3. However, after a sufficient amount of time has elapsed, well-developed low
pressure systems can be seen. Figure 6 shows the convergence of the numerical solution
with changing the vertical truncation wavenumber for the case where the amplitude of
the initial disturbance is set to 1/1000 of the standard value, as in Fig. 4. Since the

development of the baroclinic disturbances is delayed compared to the case of Fig. 4, the
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dependence of the error on the vertical truncation wavenumber L is shown for days 1, 9,
11, 13, 15, 17, 19, and 21. The time-integrations are done with the horizontal truncation
wavenumber of T85 (256 x 128 grids) and the time step of 150s. In Fig. 6, on day 1 and
day 9, the dependence of € on L is expressed approximately as € ~ L%, which is the same
as day 1 and day 5 in Fig. 4. We believe that this is caused by Lamb-wave modes directly
excited by the initial disturbance similarly as on day 1 and day 5 in Fig. 4. However, in
Fig. 6, the amplitude of the initial disturbance is set to 1/1000, so that the € on day 1
in Fig. 6 is almost 1/1000 of that on day 1 in Fig. 4. In Fig. 6, on day 11, in the region
where L is small (L = 10 to L = 21) the L-dependence of € is clearly higher power curve
than L~ (about € ~ L™3) as seen on day 9 in Fig. 4. After day 13, when the baroclinic
disturbances develop, the power of the power-law dependence becomes higher, and on day
17, the dependence is about € ~ L~% in the range of L = 10 to L = 42. Therefore, these
time-integrations with the reduced amplitude of the initial disturbance clearly shows that
in the development of baroclinic disturbances, using the spectral method in the vertical
direction makes the error decrease rapidly as L is increased. In Fig. 6, however, the €
becomes large even when L is large (L = 42,85) in day 19 and day 21. We believe that
this is due to the increase of high-wavenumber components in the vertical direction, which

are produced by nonlinear effects enhanced by the growth of the baroclinic disturbances.

6. Summary and discussion

In the present manuscript, we have proposed to use a three-dimensional spectral
method for the GCM dynamical core based on the primitive equations, which uses the
spectral method not only in the horizontal direction but also in the vertical direction,
where the Legendre polynomial expansion is used and the time-evolution equations of the

expansion coefficients are determined by the Galerkin method. We have shown that the
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semi-implicit time-integration can be computed more efficiently with the vertical discriti-
zation formulation proposed in the present manuscript. This is an improvement com-
pared with the previous study by Machenhauer and Daley (1974), where the Legendre
polynomial expansion was also used in the vertical direction. Using the numerical model
implemented based on the proposed three-dimensional spectral method, modern bench-
mark numerical experiments with the settings of Polvani, et al (2004), Held and Suarez
(1994) and Jablonowski and Williamson (2006) have been performed to show that the
numerical results are consistent with those of previously developed numerical models and
to show that there is no numerical instability caused by the use of the three dimensional
spectral method. Also, in Subsection 5.3, we have also evaluated the convergence of the
numerical solution for different truncation wavenumbers in the vertical direction. It has
been shown that the error decreases rapidly as the vertical truncation wavenumber in-
creases, which is a characteristic of the spectral method. This is an advantage over the
finite difference method, which is often used in existing numerical models. In fact, in the
benchmark calculations shown as Figs. 1-3, the numbers of the vertical grids are set to
be the same as the numbers of the vertical levels in previous studies, but each vertical
truncation wavenumber is about 2/3 of the number of the vertical grids. This means that
a numerical solution with high-accuracy is obtained with a small number of degrees of
freedom. The fact that fewer degrees of freedom are needed is not only an advantage in
data storage, but also it has the advantage of reducing the size of the matrix in which the
eigenvalue problem should be solved when calculating the flow stability.
If we compare the three-dimensional spectral method proposed in the present manuscript

with ordinary numerical models that uses the finite difference method in the vertical direc-
tion, some disadvantages, of course, can be considered. One of them is the computational

cost in transforming between the coefficients of the Legendre polynomial expansion and
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the grid values. If the vertical truncation wavenumber is L and the horizontal truncation
wavenumber of the spherical harmonic expansion is M, the cost of the vertical trans-
form required per one time step is estimated to be O(L?M?). When the finite difference
method is used in the vertical direction, the computational cost of the vertical calculation
is O(K M?) if the number of the vertical levels is K. Therefore, the comparison reduces to
the comparison of O(L?) and O(K). Since K ~ L, the three-dimensional spectral method
looks worse in terms of the computational cost. However, since the computational cost
of the horizontal transform is estimated to be O(LM?3), the computational cost of the
vertical transform becomes a small fraction of the total computational cost in the situ-
ation where the horizontal truncation wavenumber is sufficiently large compared to the
vertical truncation wavenumber (L < M). Therefore, the use of the spectral method in
the vertical direction is not a big disadvantage unless the truncation wavenumber in the
vertical direction is larger than the that in the horizontal direction.

The second possible disadvantage is that the spectral method proposed in the present
manuscript does not strictly guarantee the conservation of the total energy. This is
because in the formulation of the time-evolution of the temperature disturbance field
(22), the weighting function is set to be ¢ P(1 — 20), which is the same function as used
in the expansion according to the Galerkin method. If we set the weighting function as
P,(1 — 20), we can satisfy the total energy conservation. In this case, since the weight is
set to 1/0 as in the original Galerkin method and this means that the weight of the upper
atmosphere is relatively increased and the weight of the lower atmosphere is relatively
decreased, the benchmark calculation shows that the accuracy of the calculation in the
lower atmosphere is lower than that of the one proposed in the present manuscript (not
shown). In that case, we also lose the property that the matrix to be computed is a band

matrix in the formulation of the semi-implicit method. In actual GCM calculations, the
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ws  effects of forcing and dissipation are introduced, so even if the discretized system does not
w0 strictly satisfy the total energy conservation, it does not seem to be a big disadvantage
so0 unless it leads to any numerical instability.

501 The third possible disadvantage is that the vertical discretization grids are automati-
sz cally set by the Gaussian node 7, and there is no freedom in the vertical grid setting as in
s03 the finite difference method. However, this point can be regarded as an advantage in that
soa the “optimal” vertical grids are automatically determined once the number of the vertical
sos grids is determined, without having to worry about how to set the vertical grids. In addi-
so6 tion, in the case of the finite difference method, the existence of computational mode can
so7  be a problem when the Lorenz grid is used in the vertical direction (Arakawa and Konor,
ss 1996). In the spectral method proposed in the present manuscript, however, there is no
so0 such computational mode (see Subsection A.4). This point can also be considered as one
s of the advantages of the spectral method proposed in the present manuscript.

511 As described above, the discretization of the primitive equations by the three-dimensional
si2 - spectral method proposed in the present manuscript has advantages over the conventional
si3 discretization using the finite difference method in the vertical direction in terms of ac-
su - curacy and other factors. In particular, it is useful for theoretical studies when a small
s, number of degrees of freedom are used. As an extreme form of such an application, a“toy”
si5. model equation is derived for the case where the vertical degree of freedom is reduced to

517 the minimum in Appendix B.

518 Acknowledgments

519 We thank two anonymous reviewers for their helpful comments. This work was sup-

o ported by JSPS KAKENHI Grant Numbers 20K04061. This work was also supported by

5!

]

51 MEXT as “Program for Promoting Researches on the Supercomputer Fugaku” (Toward

29



522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

a unified view of the universe: from large scale structures to planets, JPMXP1020200109)
and “Exploratory Challenge on Post-K computer” (Elucidation of the Birth of Exoplanets
[Second Earth| and the Environmental Variations of Planets in the Solar System).

This work used computational resources of the K computer and supercomputer Fu-
gaku provided by the RIKEN Center for Computational Science through the HPCI Sys-
tem Research Project (Project ID: hp160254, hp170225, hp180199, hp190170, hp200124,
hp210164).

The GFD-DENNOU Library (http://www.gfd-dennou.org/arch/dcl/) was used to draw

the figures.

A. Pseudo-hyper-viscosity

The primitive equations in the o-coordinate system treated in the present manuscript
use the boundary condition at ¢ = 0, which means that the region that extends to
infinite height is treated as a finite o region. Therefore, if we consider a wave propagating
vertically upward, the wave that should have propagated infinitely upward and left the
region will be artificially reflected back into the region. This means that the time-evolution
of the wave cannot be treated correctly. This situation is the same as that of the finite
difference method, even if the spectral method is used in the vertical direction. In the case
of the finite difference method, if it is possible to impose a radiative boundary condition,
it may be done, but it is difficult to do so except in special cases where the waves are
monochromatic. Therefore, a damping region (sponge layer) of a certain thickness is
set near the upper boundary of the computational domain to suppress the reflection
by absorbing the upward propagating waves. However, if the damping ratio and the
thickness of the sponge layer are not set properly, the wave absorption will be insufficient

and reflected waves will be generated. When using the spectral method by projecting
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a geometrically infinite domain onto a finite domain, as in the present manuscript, the
effect corresponding to a sponge layer can be obtained by introducing the pseudo-hyper-
viscosity (Ishioka, 2008). We show below that such pseudo-hyper-viscosity can also be
introduced when the spectral method is used in the vertical direction as in the present

manuscript.

A.1 Description of gravity wave propagation in this system

As in the case where the semi-implicit method is introduced in Section 4, we linearize
the time-evolution equation (1)—(4) with the basic field being the isothermal atmosphere
at the temperature Tj, used in the non-dimensionalization and with neglecting the effect
of the rotation of the sphere. For further simplification, we assume here that the horizontal
geometry is not a sphere but a plane. We use Cartesian coordinates (z,y) of the plane,
and assume the field variables to be uniform in the y-direction. In this case, we non-
dimensionalize the length scale using an appropriate length X, in the z-direction. If we
assume that a uniform flow U > 0 is blowing in the z-direction, the linearized equation

using it as the basic field can be expressed as follows (here, we consider the effect of the

topography).
95 5 0 L[zt
a—‘%+@<‘q’s+/l Td”‘s)’ )
o7’ or' 1 (° 'y g
E__U%—H{;/U d(z, 0 t)do’, (73)
0s ds 0
o= Vg, T [ ddo ™)

Here, the vorticity ( is omitted in this linearization because it does not evolve in time.

Now, in the x-direction, we consider a wave solution with dimensionless wavenumber
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k > 0 and and express it as follows.

3(z,0,t) = Re {Sk(a, t)ei'w} , (75)
7'(z,0,t) = Re {%fk(a, t)e”“”} , (76)
s(z,t) = Re {8(t)e™}, (77)
o' (z) = Re {(cﬁ;)keikm} . (78)

Then, from (72)—(74), we obtain

% = —iUkdy — k> (-(ég)k + /1
o7y,
ot
05y,
ot

7.(0,t)
!

dO’l - §k) > (79)

1 /9.
= iUk, + K~ / 50 t)do, (80)
O— o
O ~
— —iUké), + / opdo. (81)
1

This equation describes the propagation of internal gravity waves forced by the bottom
topography. This equation is a little complicated because it is written in the o-coordinate.
However, if we impose the radiative boundary condition and consider steady state with a
positive vertical group velocity, we obtain the following solution (the derivation process

is omitted).
O = 0yelmt2)2, (82)

Here, we define that z = —Ino and

m:\/%—i. (83)

Note that m is used as the vertical wavenumber, not the longitudinal wavenumber in this
appendix. Here, we also impose that 0 < U < 24/k for a solution with a positive vertical
group velocity to exit. In this case, d, is determined as,

UE(D)),
U4 L

1mf§

5o =
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s A.2  When discretized by the spectral method

576 Similarly as (11) and (13), we expand d;(o,t) and 7 (o, t) appearing in (79)-(81) as

577 fOHOWS.
L
o.t) =Y 6ru(t)P(1 - 20), (85)
=0
L-1
Hlot) =0y Trit)P(l - 20). (86)
=0

s In this case, applying the Galerkin formulation to (79)—(81) in the same way as when we

o derived (45), (46), and (42), we obtain the followings.

5

J

9 R L—1 R
(— + lU/{Z) 5k,l = k’2 Z All/f',g v + <=§k —+ (@;)k)élo (l = O, 1, ceey L), (87)
ot i
L ~
Z B ( + 1Uk> Hop=—kY Apby (1=0,1,...,L—1), (88)
I'=0

0 ) R
(81& lUk) Sk = —0k,0- (89)

so0 'The equations (87)—(89) can be transformed as follows.

(12 + 1U) (\/ESM \/_Z All’ ka U ((k\/Eng + (k\/E((i),s)k))5lo (l =0,1,..., L)v

k Ot
(90)
X_:Bw (%%qLiU)( ) = IZAH VEdr) (1=0,1,...,L—1), (91)
(%%—l—iU) (kv/Kér) = —(v/Kdxo)- (92)
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The matrix representation of the equation (90)—-(92) is as follows.

] Al - _
I 0 : :
0 VRO L
(%%W) 0 || ko
o 5 . .
0 ki—lg,Lfl
(0 o 0[0 - 0|1 ] | kvAéy |
_ V] vmbe | [evm@n | @9
0 NI 0
0 JRA :
0 NI 0
= +
0 k7 0
—/RAT 0
0| | k. 0
~10 - 0[]0 - 0l0]| | kvrbk 0

Here, Bisa (L+1) x (L+1) matrix whose (I,!") component is Byy, and Aisa (L+1)x L
matrix whose (I,!") component is Ay (the subscripts [ and I’ are starting from 0). The
square matrix appearing on the left-hand side of (93) is a symmetric matrix, and the

square matrix on the right-hand side is a skew-symmetric matrix.
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A.8  Steady-state solution in the discretized system and the introduction
of pseudo-hyper-viscosity

In the system discretized by the spectral method, (93), we consider a stationary solu-

tion. In the right-hand side of (93), we set as

A

k(@) = L.

Then, the stationary solution is obtained by solving a linear simultaneous equation, which
is derived by setting as 9/t = 0 in (93). Corresponding to (dy;) in the stationary solution,
the o distributions of the imaginary part of 5k(cr) for U = 0.05 and U = 0.1 are shown in
Fig. 7. For comparison, the stationary solutions (with the radiative boundary condition)
determined by (82) and (84) are plotted together. The amplitude is multiplied by /o,
taking its dependence on ¢ into account. It is clear from Fig. 7 that the numerical solution
differs significantly from the exact solution due to the effect of reflected waves.

Now, referring to Ishioka (2008), in the right-hand side of (93) we introduce the effect

of pseudo-hyper-viscosity at the diagonal components of the matrix which correspond to
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se0  the divergence components as follows.

600

601

602

603

604

605

] AT - ]
1 @) : :
0 \/EgkL
(%% * iU) 0 || kil
o 5 . .
0 k%l;,L—l
0 00 001 | kvms
—(¥n)o O 1 B ke/k ()
—(vn) 0 N 0
JRA s
0, —()r 0 NG 0
= +
o || K, 0
_ JRAT 0
0 kﬁ_}é,Lfl 0
—1 0 e 0 O --- 010 k/KSp 0
(94)

Here, (v,); (I =0,1,..., L) are the coefficients of the pseudo-hyper-viscosity. How to set

the values of (14,); is subject to arbitrariness. If we set as

(%ﬁ:(lﬂiﬁa (1=0,1,....L), (95)

and calculate the steady-state solution as in Fig. 7, the result is shown in Fig. 8. Thus, by
introducing a pseudo-hyper-viscosity, it acts like a sponge layer in the upper atmosphere,
where o is small, and suppresses the reflected waves. By suppressing the reflected waves,

a response close to the exact solution is obtained in the lower atmosphere. Using (95) in
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(94), a strong dissipation on § in the upper-layer atmosphere like a sponge layer can be
explained as follows. Considering (24), the dissipation term in the equation of 94/0t can

be expressed as,

k d a1’

—_— [ —— (1 =)=} o 96

sl S G| (56)

Now, changing the independent variable as 2z = —Ilno = —In 1_7", (96) can be rewritten
as follows.

k d #\1°
—_ |- -1 0.
VIED)E { {az T =Dgs H (97)

Thus, as z — 00, a hyper-viscosity of the fifth-order of the Laplacian acts on § and its

2 This corresponds to having an effect

coefficient increases roughly in proportion to e
similar to introducing a sponge layer in the upper layer of the model. We can change the
characteristics of the spongy effect by changing the order and coefficients of the pseudo-
hyper-viscosity in (95).

Now, the introduction of pseudo-hyper-viscosity in the form of (94) means that we

add the pseudo-hyper-viscosity term in (87) as

(% + iUk) O = —k(vn) 10k + K (Z Aty + (8 + (é;)k)(slo) (1=0,1,...,L).

(98)
Here, the pseudo-hyper-viscosity term is the first term on the right-hand side. Further-
more, in the expression for the spherical domain (18), we can add —+/n(n + 1)(v4)10nm.
to the right-hand side since the k is replaced by \/m . Note that the pseudo-hyper-
viscosity is not added in the benchmark numerical experiments in Section 5. It would
be desirable if we had also performed test-case calculations to examine the effects of
the pseudo-hyper-viscosity, such as Klemp, et al (2015), in which the model suffers from

gravity waves reflecting off the model top. However, this test case appears to be for a
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632

non-hydrostatic model and the intercomparison does not seem directly applicable to our
hydrostatic model and we need to find some appropriate test case to evaluate the effect

of the pseudo-hyper-viscosity. Hence, let us leave this exploration to our future work.

A.4  Figenvalue problems and the Lamb-wave solution

In the linear time-evolution equation discretized by the spectral method (93), setting
the rightmost term of the terrain effect to 0, and the basic flow U = 0, we obtain the

following eigenvalue problem assuming that the time-dependence is expressed as oc e,

_ ; . e -
I O : :
0 \/Egk,L
—ic 0 k7l
O B
0 k%llc,L—l
0 00 001 | kv

1 N (99)

0 Kl
—/RAT 0
0| | k# oy
10 - 000 o 0[0 || kRS

Here, ¢ = w/k. Since the square matrix appearing on the left-hand side of (99) is a

633 positive-definite symmetric matrix and the square matrix on the right-hand side is a
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skew-symmetric matrix, we can see that the eigenvalues of ic are purely imaginary, so the
eigenvalue ¢ corresponding to the phase velocity is eventually a real number. Further-
more, there are no zero eigenvalues associated with the even number of rows (or columns)
of the coefficient matrices on the left and right sides in (99). This means that the compu-
tational mode that arises when the Lorenz grid is used for the finite difference method in
the vertical direction, as described in Arakawa and Konor (1996), does not arise in this
formulation of the spectral method. However, in the vertical discretization of 7/, if the
truncation wavenumber is set to L instead of L — 1, a zero eigenvalue appears. In this
sense, it is also desirable to take the truncation wavenumber in the expansion of 7/ as
L—1.

The eigenvalue problem (99) can be solved numerically. The eigenmode which gives
the maximum absolute value of eigenvalue c¢ is the one corresponding to the Lamb-wave
mode. Table 1 shows the maximum absolute value of eigenvalue ¢ for different vertical
truncation wavenumber L, and Fig. 9 shows the o distribution of d, (o) for the correspond-
ing eigenmodes. Note that we now set x = 2/7 and the true value of |¢| corresponding to
the Lamb wave is, |c| = 1/1/(1 — k) = \/7/5 ~ 1.183216.

From Table 1, it can be seen that the eigenvalue of the largest absolute value ap-
proaches the true value corresponding to the Lamb wave as the truncation wavenumber
L is increased. Correspondingly, from Fig. 9, it can be seen that the vertical structure of
eigenmodes approaches that of the Lamb-wave solutions up to smaller ¢ as L increases.
The L-dependence of the error of the phase velocity from the true value is shown in

Fig. 10. It can be seen that the error is roughly at the power of L1,
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B. Deriving a toy model

As one byproduct of the formulation of the three-dimensional spectral method pro-
posed in the present manuscipt, by setting the truncation wavenumber L in the vertical
direction to a small value such as 1 or 2, we can create a “toy” model that is equivalent
to the so-called two-level model or three-level model, without having to worry about how
to take the grid in the vertical direction or how to set the finite difference scheme. For
example, in (11)—(14), if we set as L = 1, then we can obtain a closed system of equations
for the time-dependent expansion coefficients, (0,,m0), (9nm1), (Cumo), (Com1), To, T1s
(Tym0)s and (sp,,). Since we have two degrees of freedom in the vertical direction in this
setting, this can be regarded as corresponding to the so-called two-layer model or two-level
model. However, in this form, since the system contains the barotropic component of the
divergence field (d,,m,0) and the logarithm of the surface pressure (s,,,), the Lamb-wave
modes are supported in the system, which is complicated for a “toy” model. Similar to
the two-level model proposed by Kitamura and Matsuda (2004), a “toy” model without
the Lamb-wave modes and with good symmetry between barotropic and baroclinic modes
can be derived as follows.

First, in (11)—(14), we set the truncation wavenumber as L = 1, that is we set the
degree of freedom in the vertical direction to 2. However, to exclude the Lamb waves,
the barotropic component of the divergence field (9;,,0) and the logarithm of the surface
pressure (S,,,) are assumed to be zero and are removed from the time-evolution. The

bottom topography is assumed to be flat and we set as ¢, = 0. Furthermore, for the

temperature disturbance 7, we assume that it is symmetric around the middle layer of
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the atmosphere and use the following expression instead of the expansion form of (13).

T\ p,0,t) = 1e(A p ,t)4\/§<7(1 —0),
M

Tc()‘vﬂv :Z Z nm N)

n=0m

(100)

(101)

Here, the coefficient 41/3 in (100) is chosen to simplify the subsequent calculations. Noting

that in the definition of the present manuscript, the first order Legendre polynomial P;(n)

is defined as Py(n) = v/3n, we use the following expressions instead of (11) and (12).

S\, 0, 1) = So(\, 1, 1)V3(1 — 20),

M
50()\, My t) = Z 5n,m,1 (t)Yn,Tn<)\7 ,LL),

CON 10, t) = (A 11, t) + (A, 1, t)V3(1 = 20),

=

Ct()HN’ :Z Z an nm>\,ul)

:n

n

Cc()‘vpﬁ :Z Z nml /\ ,u)

That is, (A, i, 0, t) is expressed using the first baroclinc component d.(\, i, t) and (A, p, 0, t)

(102)

(103)

(104)

(105)

(106)

is expressed by a superposition of the barotropic component (;(A, i1, t) and the first baro-

clinc component (.(A, u,t).

Now, let us consider the time-evolution equation of é., ;, (., and7.. From the assump-

tions made in this section, (1)—(10) simplifies to the followings.

do 1
1_ A 2 /
ot \/fm oV VA 2(“ + %),
a 1 04 9 _
o A eon apVITHB)
or 1 or 87 L0 = o
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A= F— 11
uf—l—aaa, (110)
ou
B =v¢{—o0— 111
vg— o2 (11)
0
('7:/ S\, p, 0 t)do, (112)
o = —/ Mda'. (113)
1 o

Now, using (102), the equation (112) can be expressed as follows.

& =—V30(1—0)d.. (114)
Also, using (100), the equation (113) can be expressed as follows.

' = 2v3(1 — 0)?r,. (115)

Also for (u,v), we separate them into barotropic components (u;, v;) and baroclinic com-
ponents (u., v.) as u = uy + Ue, v = vy + v.. Decomposing the stream function ¢ and the
velocity potential x into barotropic components and baroclinic components (x has only

the baroclinc component), we express (;, (., and J. as,
gt = VQ'QZ)ta gc = Vcha 50 = VQXc- (116>

Then, u;, u., v¢, and v, are expressed as,

B, 1 v B,
— 1,22 - - _ — 2
Uy 1—p o Ue T2 0A V1—p o (117)
o 1 oYy . 1 oY, T OXe ' (118)

op

T2 ONT  1— 2 0A

In this case, considering (102), (104) and (114), the equations (110) and (111) can be

written as,

A= (uy +ue) (2 + & + ) + 2V30(1 — o)., (119)

B = (v, 4 v) (2 + ¢ + ¢) — 2V30(1 — 0)du,. (120)
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Based on the above preparation, the Galerkin method is used to determine the time-
evolution equations of &, ¢;, (. and 7.. That is, multiplying P (1 — 20) = v/3(1 — 20) on
both sides of (107), multiplying Py = 1 on both sides of (108), multiplying P, (1 — 20) =
V/3(1 — 20) on both sides of (108), and multiplying o(1 — o) on both sides of (109), we

obtain the followings by integrating them from 0 to 1 for o.

o) 1 0 0
R —— _ 21 =2 o2
ot - m8)\ ('Ucé.t + Uth) 8[1{ 1—pn (cht + uth)} \V4 (Tc + upu, + UtUc) ,
(121)
G _ _;2 B i — B
at - ma)\ (Utgt + UCCC + 607)0) 8/_1/{ \V 1 /.L (Utgt + /chc 50“0)}7 (122)
9¢e 0

ot - _\/1;—78_)\(2%& + uth) - %{ V 1- :U’2(Uc§t + Uth)}7 (123>

01 1 01 01 \/gli
T ¢ a1 — 2= -
" utm \ v/ 1 o 50 (S’ + 9 Tc> . (124)

Here, we set & = 2Qu + (; and

1 ! — dT 15 ! d -
— . 1 _ 2 T _ —_ 2 1 — 2 A T -k . ]_2
S 1 30/0 o(l—o) (li ada) do > /. oc’(l—o0)0c da( o ")do. (125)

Here, S becomes a static stability measure. Also, for the derivation of (124), the following

is used.

/01(0(1 —0))do = =,

The system of equations derived here (121)—(124) is very similar to the two-level system
of equations derived in Kitamura and Matsuda (2004). The only major difference is that
the coefficient on the equivalent of 7, in parentheses in the third term on the right-hand
side of (124) is negative in Kitamura and Matsuda (2004). This is because we consider a
boundary condition for the disturbance component of the temperature field 7 such that
it is 0 for 0 = 0, 1, whereas in Kitamura and Matsuda (2004 ), the disturbance component

of the specific volume « is set to be 0 at ¢ = 0,1. This reverses the contribution of
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the disturbance to the static stability of the field. However, this is due to the different
structure of the temperature disturbances considered in the very coarse o discretization.
Hence, it is not a matter of which is correct.

Now, in (124), if T is an isothermal basic field independent of o, then, by (125), we

have

In addition, let us consider the model temperature distribution of the tropical atmosphere

introduced by Stevens, et al (1977) which satisfies,

— dT
kKl —o— =T,

do

where I is a constant. That is,

—_ T — T
T:—+<T5——)J“,
K K

where T, is the value of T at ¢ = 1. In this case, S is expressed as,

)
S=-I.
8

For further simplification, we assume that %|TC| < S and ignore the 7. term in

parentheses in the third term on the right-hand side of (124). Then (124) reduces to,

or, 1 or, or,
¢ 2 a1 — 2=t — ] 192
o Ko S0 (126)

ot _Ut\/l — p?
Now, in the system of equations (121)—(123), (126), we show that the energy conservation

law holds. If we represent the operation of averaging on the whole sphere by (), we obtain
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76 the followings.

L
Xcat
< G

> = <U'XC(UC& + Uth) - ch(ucft + uth) + 50 (Tc + UtUc + Utvc» ;

_¢t§> = <_'Ut(ut£t + ucCc + 5cvc) + Ut(vt& + UcCc - 5cuc)>

= (C(—vpue + uve) — Oc(vive + wpue))

e
<—¢ca—i> <_U¢c<uc€t + uth) + uiﬁc(”cﬁt + Ut<0)> )

o
T ot
1 OXe

727 Here, we define as,
e

= VTP =

Uy Won ™ VT — 2 OA

728
1 0, —0Xe
c = T /=y’ c = 1 —p?—=.
/Uw /—1 —,LL2 8)\ /UX o alu

729 Summing the two equations for the baroclinic components, we get

> = <uc(vcft + Uth) Uc(“’cgt + uth) + 50 (Tc + UUe + 'Utvc»

=) <5c7_c> .

00,

0.
<_wca - XCE
= <Cc(ucvt - Ucut) + 50 (Tc + UtUe + Ut”c))

n0 If we represent the kinetic energy density as K = —$ (G + ¥c(. + X.0c), then finally we

731 obtain,
0K 0¢; ¢, 04,
— N ={—p=2 — 1, — Ye = {0.7.) .
<at> <wtaz& Vegr ~Xegy ) = 0cTe)
722 Therefore, the energy conservation law in this system is expressed as,
d ir2
—(K+252) =0. 12
p; 1t< +3 > 0 (127)

713 The second term in the left-hand parenthesis corresponds to the available potential energy.

7 Therefore, the system of equations (121)—(123) and (126) includes baroclinic effects and

735 inertial-gravity modes on a rotating sphere, and the system has the energy conservation
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law written in the second order of the field variables. This system can be regarded as
a kind of “toy” model, following Lindborg and Mohanan (2017), and we will call it the

“baroclinic toy-model equation”.
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Temperature fields on the ¢ = 0.975 surface at time ¢t = 4,6,8,10, and
12days (unit is K) in the course of time-evolution of the growth of the baro-
clinic disturbance calculated based on the benchmark setting in Polvani,
et al (2004) by using the three-dimensional spectral model developed in
the present manuscirpt. Contour interval is 2.5K. The horizontal axis is
longitude and the vertical axis is latitude. The time is shown in the upper
right corner of each panel. The horizontal truncation wavenumber is T170
(512 x 256 grids), the vertical truncation wavenumber is 13 (20 grids), and

the time step At is 600s. . . . . . . . . ...

Zonal-mean field averaged over 1000 days from ¢ = 200day to t = 1200day
in the time-evolution with the benchmark setting based on Held and Suarez
(1994). The horizontal axis is latitude and the vertical axis is 0. Top panel:
zonal-mean temperature field (K). Contour interval is 5K. Bottom panel:
zonal-mean eastward wind field (m/s). Contour interval is 4m/s. In the
calculation of the time-evolution, the horizontal truncation wavenumber is
T85 (256 x 128 grids), the vertical truncation wavenumber is 13 (20 grids),

and the time step is 720s. . . . . . . . . .. L

The surface pressure field on day 9 (unit is hPa) in the course of time-
evolution of the growth of the baroclinic disturbance calculated based on
the benchmark setting in Jablonowski and Williamson (2006) by using the
three-dimensional spectral model developed in the present paper. Con-
tour interval is 10hPa. The horizontal axis is longitude and the verti-
cal axis is latitude. The maximum value in this figure is 1019.73hPa (at
(A, ¢) = (231.33°,49.47°)), The minimum value is 942.03hPa (at (A, ¢) =
(208.13°,61.40°)). The horizontal truncation wavenumber is T170 (512 x
256 grids), the vertical truncation wavenumber is 17 (26 grids), and the

time step is 300s. . . . . . ...

The dependence of Iy error of the surface pressure field (vertical axis.
unit is hPa) on the vertical truncation wavenumber L (horizontal axis)
at days 1, 5, 9, 11, and 12 in the time-evolutions of baroclinic distur-
bances based on the benchmark setting of Jablonowski and Williamson
(2006). Both the axes are in logarithms. The result at L = 170 (K =
256) is taken as the true value here and we define the difference from
it as the error. The horizontal places of the markers indicate the val-
ues of the vertical truncation wavenumber L used in the time-integrations
(L =10,11,12,13,14,15,16,17,21,42, and 85). The corresponding num-
ber of the vertical grids, K, is K = 16,18, 20, 20, 22, 24, 26, 26, 32, 64, and
128, respectively. The number of days is indicated at the left end of the
line connecting the markers. The time-integrations are done with the hor-
izontal truncation wavenumber of T85 (256 x 128 grids) and the time step

of 150S. . . .
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Same as Fig. 3 except that the amplitude of the initial disturbance is 1/1000
of that used for the computation of Fig. 3 and this figure is on day 19.
Contour interval is 10hPa. The maximum value in this figure is 1022.82hPa
(at (A, @) = (29.53°,48.33°)), The minimum value is 950.45hPa (at (A, ¢) =
(50.63°,63.73°)). The horizontal truncation wavenumber is T85 (256 x 128
grids), the vertical truncation wavenumber is 170 (256 grids), and the time

step is 150s. . . . . L

Same as Fig. 4 except that the amplitude of the initial disturbance is 1/1000
of that used for the computation of Fig. 4. The times are days 1, 9, 11, 13,

15,17, 19, and 21, .« « o o o

The o distribution of the imaginary part of the stationary wave solution
without pseudo-hyper-viscosity (multiplied by /o). Numerical solution
(solid line) and the exact solution for the case with radiative boundary
condition (dotted line). Left panel: U = 0.05 case, right panel: U = 0.10

case. The vertical truncation wavenumber is L =80. . . . . . . . . . . ..

Same as Fig. 7 except that the numerical solution (solid line) is computed

with pseudo-hyper-viscosity. . . . . . . ... Lo

Dependence of the amplitude of the eigenmode corresponding to the Lamb
wave on o (solid line). The dotted line is for the exact solution of the Lamb
wave (0~ "). The vertical truncation wavenumber is changed to L = 10, 20,
40, and 80. The value of L is displayed in the upper-right corner of each

panel. ..o

Dependence of the difference between the eigenvalues of the discretized
eigenmodes corresponding to the Lamb wave and the exact solution (verti-
cal axis) on L (horizontal axis). The marker indicates the value of L that

was used (L =10,20,40,80). . . . . . . ...
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Fig. 1. Temperature fields on the ¢ = 0.975 surface at time ¢t = 4,6, 8,10, and 12days
(unit is K) in the course of time-evolution of the growth of the baroclinic disturbance
calculated based on the benchmark setting in Polvani, et al (2004) by using the three-
dimensional spectral model developed in the present manuscirpt. Contour interval is
2.5K. The horizontal axis is longitude and the vertical axis is latitude. The time is
shown in the upper right corner of each panel. The horizontal truncation wavenumber
is T170 (512 x 256 grids), the vertical truncation wavenumber is 13 (20 grids), and
the time step At is 600s.
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Fig. 2. Zonal-mean field averaged over 1000 days from ¢ = 200day to ¢ = 1200day in
the time-evolution with the benchmark setting based on Held and Suarez (1994).
The horizontal axis is latitude and the vertical axis is o. Top panel: zonal-mean
temperature field (K). Contour interval is 5K. Bottom panel: zonal-mean eastward
wind field (m/s). Contour interval is 4m/s. In the calculation of the time-evolution,
the horizontal truncation wavenumber is T85 (256 x 128 grids), the vertical truncation
wavenumber is 13 (20 grids), and the time step is 720s.
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Fig. 3. The surface pressure field on day 9 (unit is hPa) in the course of time-evolution of
the growth of the baroclinic disturbance calculated based on the benchmark setting
in Jablonowski and Williamson (2006) by using the three-dimensional spectral model
developed in the present paper. Contour interval is 10hPa. The horizontal axis
is longitude and the vertical axis is latitude. The maximum value in this figure
is 1019.73hPa (at (A, ¢) = (231.33°,49.47°)), The minimum value is 942.03hPa (at
(A, ) = (208.13°,61.40°)). The horizontal truncation wavenumber is T170 (512 x 256
grids), the vertical truncation wavenumber is 17 (26 grids), and the time step is 300s.
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Fig. 4. The dependence of Iy error of the surface pressure field (vertical axis. unit is
hPa) on the vertical truncation wavenumber L (horizontal axis) at days 1, 5, 9, 11,
and 12 in the time-evolutions of baroclinic disturbances based on the benchmark
setting of Jablonowski and Williamson (2006). Both the axes are in logarithms.
The result at L = 170 (K = 256) is taken as the true value here and we define
the difference from it as the error. The horizontal places of the markers indicate
the values of the vertical truncation wavenumber L used in the time-integrations
(L = 10,11,12,13,14,15,16,17,21,42, and 85). The corresponding number of the
vertical grids, K, is K = 16,18,20,20,22,24, 26,26, 32,64, and 128, respectively.
The number of days is indicated at the left end of the line connecting the markers.
The time-integrations are done with the horizontal truncation wavenumber of T85

(256 x 128 grids) and the time step of 150s.

o4



surface pressure (hPa) t—19day

90 T T T
-
& @,\@,
. @ C
~
4 -
._g 30
prer)
o

0 1 1 1 I 1 1 1

0 30 60 90 120 150 180 210 240

longitude (deg.)

Fig. 5. Same as Fig. 3 except that the amplitude of the initial disturbance is 1/1000
of that used for the computation of Fig. 3 and this figure is on day 19. Contour
interval is 10hPa. The maximum value in this figure is 1022.82hPa (at (A, ¢) =
(29.53°,48.33°)), The minimum value is 950.45hPa (at (A, ¢) = (50.63°,63.73°)). The
horizontal truncation wavenumber is T85 (256 x 128 grids), the vertical truncation
wavenumber is 170 (256 grids), and the time step is 150s.
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Fig. 6. Same as Fig. 4 except that the amplitude of the initial disturbance is 1/1000 of
that used for the computation of Fig. 4. The times are days 1, 9, 11, 13, 15, 17, 19,
and 21.
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ig. 7. The o distribution of the imaginary part of the stationary wave solution without

pseudo-hyper-viscosity (multiplied by /o). Numerical solution (solid line) and the
exact solution for the case with radiative boundary condition (dotted line). Left
panel: U = 0.05 case, right panel: U = 0.10 case. The vertical truncation wavenum-

ber is L = 80.
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Fig. 8. Same as Fig. 7 except that the numerical solution (solid line) is computed with
pseudo-hyper-viscosity.

58



L= 10 = 20

104 ‘ —— 10—+ ‘ — ——

10-3 F E 10-3EF 4
> 102 F = o 102 F =
0 4 (2] 4

10 | E 10 E

100 1 100 E 1
100 10! 100 10!
Amplitude Amplitude
= 40 = 80

104 ‘ —— T 10—+ ‘ — -

103 F E 10-3F E
5102 i o 4
0 (2]

10 E 107 E E

100 1 100 : 1
100 10! 100 10!
Amplitude Amplitude

Fig. 9. Dependence of the amplitude of the eigenmode corresponding to the Lamb wave
on o (solid line). The dotted line is for the exact solution of the Lamb wave (o7%).
The vertical truncation wavenumber is changed to L = 10, 20, 40, and 80. The value
of L is displayed in the upper-right corner of each panel.
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Fig. 10. Dependence of the difference between the eigenvalues of the discretized eigen-
modes corresponding to the Lamb wave and the exact solution (vertical axis) on
L (horizontal axis). The marker indicates the value of L that was used (L =
10, 20, 40, 80).
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Table 1. Dependence of phase speed of eigenmodes corresponding to Lamb waves on the
truncation wavenumber L.

L =10 L =20 L =40 L =80
1.170342 | 1.176177 | 1.179378 | 1.181121
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