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Abstract

In a global numerical weather prediction (NWP) modeling framework we
study the implementation of Gaussian uncertainty of individual particles
into the assimilation step of a localized adaptive particle filter (LAPF). We
obtain a local representation of the prior distribution as a mixture of basis
functions. In the assimilation step, the filter calculates the individual weight
coeflicients and new particle locations. It can be viewed as a combination
of the LAPF and a localized version of a Gaussian mixture filter, i.e., a
Localized Mixture Coefficients Particle Filter (LMCPF).

Here, we investigate the feasibility of the LMCPF within a global opera-
tional framework and evaluate the relationship between prior and posterior
distributions and observations. Our simulations are carried out in a stan-
dard pre-operational experimental set-up with the full global observing sys-
tem, 52 km global resolution and 10 model variables. Statistics of particle
movement in the assimilation step are calculated. The mixture approach
is able to deal with the discrepancy between prior distributions and obser-
vation location in a real-world framework and to pull the particles towards
the observations in a much better way than the pure LAPF. This shows
that using Gaussian uncertainty can be an important tool to improve the

analysis and forecast quality in a particle filter framework.
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1. Introduction

Let us consider a state space R™ of dimension n € N | an observation
space R™ of dimension m € N and a sequence of observations y, € R™ at
points in time ¢, for time index k = 1,2, 3,.... Based on a prior distribution

p,(cb)(x), x € R", at time t;, the task of Bayesian data assimilation is to

calculate a posterior probability distribution p,({a) (x) at time f;. States and

observations are linked by the equation

Yp = H(z}[") + € (1.1)

with the true state vector z{™¢ € R" at time t;, some observation error

€, and the observation operator H : R® — R™. Usually, the prior p,(ﬂb) is
estimated from earlier analysis steps, from which the distribution is propa-
gated through time to some recent analysis time ¢; based on some numerical
model M.

The approximation of a general prior distribution by an ensemble of

states, also known as a set of particles, has a long tradition in mathemat-

ical stochastics, see for example Bain and Crisan (2009). It is also well-
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known, that sampling as usually carried out by Markov Chain Monte Carlo
(MCMC) methods (Anderson and Anderson, 1999; Bain and Crisan, 2009;
Crisan and Rozovskii, 2011) works well in low dimensions, but when we
sample in a high-dimensional space (where high usually refers to dimensions
above n=5), the methods basically collapse, since the number of necessary
samples to find some probability different from zero grows exponentially
with the dimension (van Leeuwen, 2010; Snyder et al., 2008, 2015; Bickel
et al., 2008). Alternative methods based on particular approximations of
the prior and posterior have been developed, with the Ensemble Kalman
Filter (EnKF) (Evensen, 1994; Evensen and van Leeuwen, 2000; Evensen,
2009) and the Local Ensemble Transform Kalman Filter (LETKF) by Hunt
et al. (2007) as important and widely used methods for high-dimensional
filtering. These methods, however, rely on the approximation of the prior by
a Gaussian, which is a strong limitation when applied to highly non-linear
dynamical systems as either global or high-resolution Numerical Weather
Prediction (NWP).

Different routes to carry out non-Gaussian assimilation have been taken
by the filtering community for example with Gaussian mixtures (Anderson
and Anderson, 1999), locally applied Gaussian mixtures (Bengtsson et al.,
2003) or by the development of particular filters such as the GIGG filter

of Bishop (2016). For an overview of different ensemble-based data assim-
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ilation methods, we refer to Vetra-Carvalho et al. (2018) and van Leeuwen
et al. (2019). An alternative route has been chosen by the 4D-VAR com-
munity with an ensemble of 4D-VARs based on perturbed observations,
compare Klinker et al. (2000).

Over the past years particle filters have become mature enough to be
used for very-high-dimensional non-Gaussian filtering, compare van Leeuwen
(2009); van Leeuwen et al. (2015); Farchi and Bocquet (2018) and van
Leeuwen et al. (2019) for recent reviews. Localization for particle filters
is used by Reich and Cotter (2015); Poterjoy and Anderson (2016); Penny
and Miyoshi (2016) and Potthast et al. (2019). Instead of the localization
Kawabata and Ueno (2020) have used an adaptive observation error esti-
mator to avoid the filter collapse in a regional mesoscale model. Particle
filters have been successfully used for full-scale NWP systems. In particu-
lar, in Poterjoy et al. (2017) a localized particle filter has been studied for a
regional NWP model over the US. The team Frei and Kiinsch (2013) devel-
oped a hybrid Ensemble Kalman Particle Filter which Robert et al. (2017)
has tested for the regional COSMO NWP model. The Localized Adaptive
Particle Filter (LAPF) described in Potthast et al. (2019) has been tested
for the global ICON NWP model. The LAPF (Potthast et al., 2019) has
shown to provide reasonable assimilation results for an global atmospheric

data assimilation for the ICON model in quasi-operational setup. It has
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been successfully run for a month of assimilations with 10° degrees of free-
dom (52 km global resolution) and shows a stable behaviour synchronizing
the system with reality.

Here, our starting point is the investigation of the behaviour of the
LAPF with respect to errors in the prior distribution p,(cb). By studying the
statistics of the observations vector mapped into ensemble space, we will
show that in many cases the model forecasts show significant distance to
the observations, and the particle filter based on a limited number of delta
distributions does not pull the particles close enough to the observations
when the move of particles is only achieved through adaptive resampling.

To allow individual particles to move towards the observations, we fur-
ther develop the LAPF by bringing ideas from Gaussian mixtures into its
framework. We reach this goal by including model and forecast uncertainty
for each particle, as for example suggested by the Low-Rank Kernel Particle
Kalman Filter (LRKPKF) of Hoteit et al. (2008), compare also Liu et al.
(2016a) and Liu et al. (2016b). The basic idea is to consider each particle to
be a Gaussian where its width is representing its uncertainty. This means
we study a prior distribution given by a Gaussian (or more general radial

basis function RBF) mixture. Then, the prior has the form

L
PO (z) = CZ Cge_%(x_x<b’é))TG_1(I_N’l)), x eR", (1.2)
=1
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with constants ¢, = 1/ \/W for the individual Gaussian basis
functions with mean z®% and covariance G and a normalization constant
¢, which in this case is given by ¢ = 1/L. For this approximation, and
when the observation operator H is linear, we can explicitly calculate the

posterior distribution as a corresponding Gaussian mixture, i.e.,

~

(a) ZCZwee 5 (z— x(al))TG l(x I(af)), T ERH, (13)
/=1

with some matrix G (calculated e.g. in Chapter 5.4 of Nakamura and Pot-

thast (2015)), constants w, given by

T / Ge 2@ NTG  @=alt0)  —3 (u-H@) TR (v-H()) gy
N / e 3@ F@NTE T @=3) o~ (y-H(""))THGHT+R) " (y=H (") 4,
= & (277')n det((}) e_%(y_H(mb’[))T(HGHT-i-R)—l(y_H(mb,z))

_ o HE)THGHT+R) (y—H(zP)) (1.4)

with & = 1/4/(27)" det(G) as explicitly calculated by equation (40) in

Schenk et al. (2022), with temporary analysis states #(*%, £ = 1, ..., L, with

1
ZZLZI cower/ (2m)" det(é)

™\

)
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and with the components

q(a7£) (l‘) — 6C€w66_%(z_55(a,£))TG71(a:‘j(a-l))’ r e R™ (15)

The constant ¢ will normalize the integral of p® to one, but not individual
terms ¢(*") given by (1.5). If there are no further constraints to the variables,
the /-th posterior particle can be directly drawn with relative probability w,
from the distribution component ¢(*%(z) leading to an analysis ensemble

a,l)

member z This drawing process is carried out based on localization,

adaptivity and the transformation into ensemble space as developed for the
LAPF (Potthast et al., 2019); details will be described in Sections 2.1 and
2.2. As for other particle filters, the posterior particles will be calculated by
an ensemble transform matrix, with details worked out in Section 2.2. For
each posterior ensemble member, based on the prior Gaussian mixture, this
matrix defines transformation coefficients arising from the weights of each
particle. The name Local Mixture Coefficients Particle Filter (LMCPF) has
been used to distinguish from other localized particle filter methods. For
example, Reich and Cotter (2015) present Localized Particle Filter (LPF)
versions, which include sophisticated optimal transport properties. A fur-
ther LPF method is introduced by Penny and Miyoshi (2016) and the LAPF

(already implemented at the German Weather Service in 2014') is presented

!Shown by German Climate Computing Center DKRZ Git Records
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by Potthast et al. (2019). We note that the choice for G of formula (1.2)
as a scaled version of the ensemble correlation matrix of Hunt et al. (2007)
, l.e., G = kB, with B = (L—il)XXT, resembles the choices made for the
LETKF (Hunt et al., 2007) and leads to very efficient code.

We will investigate the usefulness of the Gaussian uncertainty within
the particle filter in very high-dimensional systems, leading to moves or
shifts of the particles towards the observations. Statistics of these shifts
will be shown, demonstrating that for this global atmospheric NWP system
the uncertainty plays an important role. Further, our numerical results
show that the LMCPF is a particle filter with a quality comparable to the
LETKEF for state-of-the-art real-world operational global atmospheric NWP
forecasting systems. This will be demonstrated by numerical experiments
based on an implementation of the particle filter in the operational data
assimilation software suite DACE? of Deutscher Wetterdienst (DWD).

The LMCPF is introduced in Section 2, where we first summarize the in-
gredients we build on in Section 2.1. Then, an elementary Gaussian filtering
step in ensemble space is described in Section 2.2. Finally, the full LMCPF
method is presented in Section 2.3. We describe the high-dimensional ex-
perimental environment for our development and evaluation framework for

numerical tests in Section 3. The numerical results for the global weather

2Data Assimilation Coding Environment



168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

forecasting model ICON are shown in Section 4. We study the statistics
of the relationship of observations and the ensemble as well as the cor-
responding statistics of the shift vectors of the Gaussian particles of the
LMCPF. We show the large improvements with respect to standard NWP
scores which the LMCPF can achieve compared to the LAPF. Addition-
ally, we present case studies comparing the LMCPF forecast scores to the

operational LETKEF.

2. Localized Mixture Coefficients Particle Filter (LM-

CPF)

The basic idea of a Bayesian assimilation step is to calculate a posterior
distribution p( (z) for a state z € R™ based on a prior distribution p(®)(z) for
x € R™, some measurement y € R™ and a distribution of the measurement

error p(y|z) of y given the state . The famous Bayes formula calculates

P (z) = cp®(2) - p(ylz), = €R", (2.1)

with normalization constant ¢ such that [, p'(z) dz = 1.
Our setup for data assimilation is to employ an ensemble {2 € R" ¢ =
1,...,L} of states, which are used to estimate or approximate p® (z). The

basic analysis step of data assimilation is to construct an analysis ensemble
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{20 ¢ R", ¢ = 1,..., L} of analysis states, which approximate p(®(z) in a
way consistent with the approximation of p® (z) by 9, ¢ =1,..., L. The
above idea is common to both the Ensemble Kalman Filter (EnKF) and to

particle filters. We employ the notation
X® = <x(b’l) R O f) e R™<L (2.2)
for the matrix of ensemble differences to the ensemble mean = defined by

L
1
—_ (b,0) n
a:.——g " e R™. (2.3)

=1
For the ensemble differences in observation space we employ
YO = () — g,y — ) € R (2.4)

with the mean 7y defined by

L
>y erm (2.5)

(=1

7=

e~ =

and

y ) = H(x(b’z)). (2.6)

From now on we will use X for X® and Y for Y® for brevity. In the case

10
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of a linear observation operator we have y = Hx and Y = HX. Usually, for
EnKFs, the approximation of the covariance matrix is chosen to be based
on the estimator

L
1
- £) () T nxn
B .= 0 ;1 (' —7) - (2 — 7)) e R (2.7)

The estimator B can also be written as B = -5 XX”. Usually, in this case

the prior is approximated by
pO(z) = cpe 2@ BT (@-7) (2.8)

with B~! well defined® for all = 7 + X3 with some vector 3 € R¥. The
normalization constant cg can be calculated based on a matrix ® € RExL

which consists of an orthonormal basis of N(X)*+ ¢ R” of dimension L < L

by

-1
cp = ( / e s (XP)TBTX®) /ot (T XT X D) da> . (29)
RL

where det(®7 X7 X ®) is the Gramian of the injective mapping X ® : RE —

3The standard arguments, see Lemma 3.2.1 of Nakamura and Potthast (2015), show
injectivity of XX7 on R(X): XXTXB = 0 with 8 € RE yields XTX3 € N(X) N
R(XT) = R(XT)t N R(XT), thus XTXJ3 = 0. The same argument for X3 € N(X7)
yields X = 0, thus X X7 is injective on R(X). For surjectivity we consider v € R(X),
ie. v=Xw with w € Rl = N(X)® N(X)+ = N(X) ® R(XT), such that w = w; + w»
with w; € N(X) and wy = XT3 with some 3 € R* = R(X) + R(X)*. Repeating the
last argument leads to a 81 € R(X) with w = XT3 and thus surjectivity. Invertibility
of B is thus shown.

11
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R", i.e. the determinant of the Gram matrix ®7 X7 X ®. The approximation

of the classical particle filter is
pO(z) = ch(x —z®9) e R (2.10)

with the delta distribution 6(-) and a normalization constant ¢ = 1/L. A
well-known idea is to employ Gaussian miztures (c.f. Hoteit et al. (2008);

Liu et al. (2016a,b)), i.e., use the approximation

L
(@) =c) cpem 2 (e ONTG @), (2.11)
/=1

where G, € R™™" is some symmetric and positive definite matrix which
describes the uncertainty of the individual particle, ¢, = 1/4/(27)" det(Gy)
is a normalization constant for each of the Gaussians under consideration

and ¢ is an overall normalization constant.

e The matrix Gy is the covariance of each Gaussian and can be seen
as a measure for the short-range forecast error consisting of model
error and some of the uncertainty in the initial conditions beyond the
distribution of the ensemble of particles itself. We will discuss the
important role of G, in several places later, when we describe the
LMCPF and its numerical realization. In particular, we will investi-

gate the situation where Gy is a multiple of the covariance matrix B

12
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defined above.

e The Gaussian mixture filter can be seen as a generalization of the
classical particle filter, where instead of a delta distribution a Gaus-
sian around each prior particle is employed to calculate the posterior
distribution and draw from it. Here, we will employ localization and
adaptivity as developed for the LAPF in combination with the mixture

concept within the LMCPF.

2.1 The Localized Adaptive Particle Filtering Ingredients and
Preparations

The goal of this section is to collect, prepare and summarize all com-
ponents employed for the LMCPF. For the following derivation we assume
linearity of H, we will discuss the form of the equations in the case of
non-linear H later. Then, we have Y7 = XTH” and with v = ﬁ the
standard estimator for the covariance matrix is given by B = yXX”. We

will later use B as measure of uncertainty of individual particles, then using

the scaling

(2.12)

with a parameter x > 0 scaling the standard covariance matrix. Following

standard arguments as in Hunt et al. (2007); Nakamura and Potthast (2015)

13
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or Potthast et al. (2019), this leads to the Kalman gain

K = BH'(R+HBH")!
= 7 XX"H"(R + yHXX"H")™!

= XY'(R+~1YYH)™ (2.13)

with invertible observation error covariance matrix R € R™*™. We note

that we have

I+7Y'R'Y)Y' =Y'R 'R +7YYT) (2.14)

by elementary calculations. We also note that I +~yY?R~'Y is invertible
on R and R+~YYT7 is invertible on R™ by assumption on the invertibility
of R. Then, multiplying (2.14) by (I+~7YTR™'Y)™! from the left and by

(R +~YYT)™! from the right we obtain

YR+9YYD) ' =T+9Y'RYY) YR (2.15)

Now, (2.15) can be used to transform (2.13) into

K=7XI++Y'R'Y)'Y'R. (2.16)

14
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This can be used to calculate the covariance update step of the Kalman

filter in ensemble space as follows. We derive

B@ = (I-KH)B®
- (I —AX(I+ nyTR‘lY)‘lYTR‘lH> AXXT
_ X(I (It vYTR‘lY)‘lYTR‘1Y> ~XT
_ X((I FAYTRY) LI+ A YTR Y — VYTR‘lY} >7XT
= XI+~Y'RY) X

= XI+~Y'R'Y) X, (2.17)

For collecting the formulas we now move back to using X® for X. The

analysis ensemble X(® which generates the correct posterior covariance by

B(@ = 4 X(@(X(@)T is given by

N|=

X(@ .= X® (I + WYTR‘1Y>7 e R™¥L, (2.18)

where the matrix I+ yYTR™YY € RE*E lives in ensemble space, it is
symmetric and invertible by construction, for all v > 0.
The localized ensemble transform Kalman filter (LETKF) following Hunt

et al. (2007) based on the square root filter for calculating the analysis en-

15
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semble can be written as

7@ =70 4 AXOy =7 L K(y —7) (2.19)

with
wi=T+~7Y'R'Y)'Y'R ' (y — ) € RF (2.20)

and
X@ .= XOw (2.21)

with
W= I+7Y'RY) 2 € REXE, (2.22)

The above equations are carried out at each analysis grid point where the
matrix R is localized by multiplication of each entry with a localization
function depending on the distance of the variable to the analysis grid point

Hunt et al. (2007). Using
X (@ full) . — (x(a’l), ...,:E(“’L)> = (T + z@) e R*F (2.23)
the full update of the LETKF ensemble can be written as

X(afull) — 7(0) 4 7X(b)w + XOW, (2.24)

16
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where we define the sum of a vector (here 7 or yX®w) plus a matrix
(here X®W) by adding the vector to each column of the matrix.

For non-linear observation operator H as in (18) of Hunt et al. (2007)
the operator K is defined by the last line of (2.13), see also (2.16) and the
ensemble transform by (2.21) with W by (2.22). This basically corresponds
to an approximate linearization of H in observation space based on the

(0,0) _

differences y 7.

2.2 An FElementary Gaussian Filtering Step in Ensemble Space

Let us consider a Bayesian assimilation step (2.1) based on the approx-
imation of the prior p® (r) as a Gaussian mixture (2.11). We first describe
the steps in general, then derive the ensemble space version of the equa-
tions. To each particle, we attribute a distribution with covariance G, i.e.,

we define

POO(g) e s GT ea0) L n (995)
(2m)" det(G)

which is normalized according to equation (4.5.28) of Nakamura and Pot-

thast (2015). Then, the full prior is a Gaussian mizture

Cee_%(:c—:vw’e))TG*l(:v—z(b’a) z € R™, (2.26)

Y

Mh

p(x) =c
/=1

17
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with ¢, :=1/4/(2m)*det(G) (i.e., we choose the variance uniform for all ¢)

1

and with some normalization constant ¢ = £ in this case. Bayes formula

leads to the posterior distribution

L
/=1

r € R", with a normalization constant ¢, here different from the normaliza-
tion constant in (2.26). We note that the terms in round brackets constitute
individual Gaussian assimilation steps. In the case where H is linear or ap-
proximated by its linearization H, the posterior of each of these terms can
be explicitly calculated the same way as for the Ensemble Kalman Filter.

Following Nakamura and Potthast (2015), Section 5.4, we define
@9 =200 ¢t GHT (R +HGH)'(y — H(z®Y)), ¢=1,..,L, (2.28)

and

K = GH'(R + HGH")™!, G .= (] - KH)G. (2.29)

18
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Then, we know that

¢\ (x)

Gege 3 @r®OTC w=a0) —d(y—H() "R (y-H(2))

Gegeba—a TG a—ae)) ~L(y=H(a(*0))T (HGHT+R)~ (y=H(z(*))

Gequpe 2@ DTG emal0) e R (2.30)

with constants w, given by (1.4). Since ¢, does not depend on ¢, the

constants are irrelevant for the resampling step and will be removed by the

normalization step. Note that the constants wy, £ = 1, ..., L, are extremely

important, since they contain the relative weights of the individual posterior

particles with respect to each other. They should not be ignored! Here, we

first describe the full posterior distribution, which is now given by

p(@

In the case of the classical particle filter, the Gaussians cze_%(

L
(x) = 62 cpwge” 2@ NGO @—a) o o . (2.31)
=1

x_x(b,é))TG—l(x_I(b,é))

become §-distributions ¢,6(z — 2®*) with weights ¢, = 1. In this case, the

individual posterior weights w, are given by the likelihood of observations

wy = e 3WTHECO TR y=HED) y g1 (2.32)

19
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This choice will also be a reasonable approximation in the case of small
variance G of the Gaussians under consideration in comparison with the
distance y — H(z®"). In the general Gaussian case, the weights can be
calculated from (1.4). For our numerical experiments we use non-zero GG
with some positive variance, and tested both the exact weights (1.4) or
approximate weights w, given by (2.32).

In Figure 1 we show a comparison of the normalized approximative
weights (2.32) as dashed lines and the normalized exact determined weights
(1.4) as solid lines, for a selected point of the full NWP model described in
Sections 3 and 4. Here, each ensemble member (L=40) is described by a dif-
ferent color. For this plot we varied the parameter x, described in equation
(2.12), between 0 and 5. Figure 1 shows how the normalized approxima-
tive weights differ from the normalized exact weights. We have carried out
experiments both with the exact and approximate weights, we found that

overall the results with exact weights show a better performance.

Let us now describe the ensemble space transformation of the above
equations. The ensemble space as a subset of the state space is spanned by
X given in (2.2). Our ansatz for the model error covariance is yYXX” with
some scaling factor v. We note that for the LETKF, v = ﬁ Here, v > 0

can be any real number. We will provide some estimates for what v can be

in a global NWP model setup in our numerical part in Section 4. In the
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transformed space this leads to the covariance 7I € RY*L to be used for the
ensemble transform version of (2.27). Recall the ensemble transformation
r—-7T=XB3 29 -7 =Xeand x — 2 = X(B—¢) for £ =1,..., L,
where e, is the standard unit vector with one in its /-th component and

zero otherwise leading to

(z =2 (XXT) Mo —2) = (6 - ey XT(XXT)IX(B ~ er)

= (B—e)"y (B —e). (2.33)

We note that X7 (XX7T)~'X =TI is true only on the subspace N(X)*, but
we can employ the arguments used to justify equation (15) of Hunt et al.
(2007) to use the covariance y~'T in ensemble space for the prior term. For

the observation error term of (2.27) in ensemble space RY we use equation

(11) of Potthast et al. (2019), i.e., we have

q(al) (8) = écﬂfg(ﬂfee)T(v‘II)(Bfee)efg[P(yfﬂfYB)}TR‘l[P(yﬂ?fYB)]’ B € RE,

(2.34)
with norming constant ¢, for £ = 1, ..., L, where P is the orthogonal pro-
jection onto span{Y} with respect to the scalar product in R™ weighted

by R it is defined in equation (10) of Potthast et al. (2019) and Lemma
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3.2.3 of Nakamura and Potthast (2015) to be given by
P=Y(Y'R'Y)'Y'R™. (2.35)

Asin (13) - (15) of Potthast et al. (2019) the right-hand side of (2.34) can

be transformed into

¢“(B) = bcpe~2B—e)T (T D (Ber) o3 O-BITAICB]  p 1 T (2.36)
with
A :=Y'RY, C:=A"'Y'R(y —7). (2.37)

We now carry out (2.28) and (2.29) in ensemble space based on (2.13) and
(2.14), leading to the new mean of the posterior distribution for the ¢-th

particle prior distribution
B = e+ yI+~AYTRTY)'YTRY(C - ¢) (2.38)

and the new covariance matrix of this distribution

1
GW = (“1+Y'R'Y) ! ¢ RIXF (2.39)
g

eEns

independent of / when G = yXX7 is independent of /. This means that
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we obtain
190(8) = e O-IOTERGN g RE (9.0)

with 59 given by (2.38) and GY). given by (2.39) for the posterior distri-

bution of the (-th particle in ensemble space. We denote the term
BEMILD . — AT+ AYTRTIY) YR Y(C — ¢f) (2.41)

as the shift vector for the (-th particle in ensemble space, i.e., 3(*0) =
eg + BERIEY in Eq. 2.38. The use of the model error 41 corresponding to
vXXT for this particle in ensemble space leads to this shift in the analysis.

The shift has important effects:
1. it moves the particle towards the observation in ensemble space,

2. by the use of particle uncertainty, it constitutes a further degree of

freedom which can be used for tuning of a real system.

One of the major advantages and problems at the same time of the LAPF
as well as a classical particle filter is that the particles are taken as they
are. If the model has some local bias, i.e., if all particles have a similar
behaviour and do not fit the observation well, then there is no inherent

tool in the classical particle filter or the basic LAPF to move the particles
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towards the observation - this move is only achieved by selection of the
best particles, closest to the observation. By resampling and rejuvenation,
effectively the whole ensemble is moved towards the observation. Here, with
the introduction of uncertainty of individual particles into the assimilation
step, this is already carried out for each individual particle by calculating
a posterior mean 39 in (2.38) of the posterior component ¢(*(3) given
by (2.40) for the model error prior distribution ¢ (x) attributed to each

particle (2.25).

2.3 Putting it all together: the full LMCPF

Here, we now collect all steps to describe the full LMCPF assimilation
step and data assimilation cycle. The LMCPF assimilation cycle is run
analogously to the LETKF or LAPF assimilation cycle, i.e., we start with

(a,0)

some initial ensemble x;"" at time ¢y,. Then, for time steps ¢, k = 1,2, 3, ...

we

(1) carry out a propagation step, i.e., we run the model forward from
time t;_1 to t; for each ensemble member, leading to the background

b,0)

ensemble x,g at time t;.

(2) Then, at each localization point £ on a coarser analysis grid G we
carry out the localized ensemble transform (2.37), calculating C' and

A. Localization is carried out as for the LETKF and LAPF, ie.,
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the matrix R is weighted depending on the distance of each of its

observations to the analysis point.
We now carry out a classical resampling step following Section 3.d of
Potthast et al. (2019). This leads to a matrix

o ]., lf Ré E (waci_17waci]7
W,, = (2.42)

0, otherwise,
i,0=1,.., L, draw r, ~ U([0,1]), set Ry = {—1+r,, with accumulated
weights Wee, Waey = 0, Wae; = Wae, , + Wiy, Wi 1= p(}’k|$(b’i)) and
W e REXL defined by (2.42) with entries one or zero reflecting the
choice of particles. As for the LETKF and LAPF this is carried out at
each localistion point £ on a coarser analysis grid G to ensure that the
weight matrices only change on scales on the order of the localization

length scale. Here, we use W instead of Wv({f ) for brevity.

The posterior matrix G2, given by (2.39) and the shift vectors 3(h#/t0)
given by (2.41) for £ = 1, ..., L are calculated for each localization point

¢. We define
W shift) . (6(shift,1)’ “"B(Shime)) € REXL. (2.43)

Then, if we want the shift given by the fth-particle, we obtain it by
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the product W"/e, If we have a selection matrix W for which
each column with index ¢, ( = 1,..., L, contains some particle e, with
¢ = ¢(¢), which has been chosen to be the basis for the corresponding
new particle, we obtain the shifts for these particles by the product
WEhifOW - According to the analysis equation (2.38) the new coor-

dinates in ensemble space are calculated by

(B0, . 58} = W+ WOHIW. (2.44)

For each particle we now carry out an adaptive Gaussian resampling
or rejuvenation step. The rejuvenation is carried out the same way as
described in Section 3.e and 3.f of Potthast et al. (2019), i.e., we first

calculate
. dglbdo—b - T’I’(R)

_ 2.45
P T XXTHT) (2.45)

at each localization point, with the actual ensemble covariance matrix
ﬁXXT and with the observation minus background statistics d,_, =

Yr — Yr Where g denotes the ensemble mean in observation space
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described in (2.5) at time #;*. Then we scale p by some function

)
Co, p < p(O)a
I _(0)
a(p) =\ e+ (e1 = co)flm, PO <p<pW, (2.46)
c1, p>ph,

\

where the constants p(©, pM . ¢, ¢; are tuning constants. We note that
temporal smoothing is applied to p as usual for LETKF or LAPF. Let
N € RY*E be a matrix with entries drawn from a normal distribution,
i.e., each entry is taken from a Gaussian distribution with mean zero
and variance 1. This is chosen uniformly for all localization points
¢ on the analysis grid G. Then, the rejuvenation plus shift step is
carried out by

W =W + WERHINIW 4 [G@ 2N, (2.47)

ens

Again, we note that W = W (&), Whift) — Whift) (&) W = W(¢),
[Gg%)sﬁ = [Gg%)s]%(é) and o0 = () are functions of physical space

with £ € G chosen from the analysis grid G.

(6) The matrices W are calculated at each analysis point £ on a coarser

4The R matrix is taken from operations, where it is estimated based on standard
Desrozier statistics. Usually p is kept between a minimal and maximal positive value,
e.g. 0.7 and 1.5 for operations to account for statistical outliers in the estimator.
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global analysis grid G. We now interpolate the matrices onto the full

model grid G odei-

(7) Finally we calculate the analysis ensemble (2.23) by

X(afull)  — 70 4 OV (2.48)

= 704 XOW 4+ XOWERIW 4 ng)[G(a)}%NgJ

ens
—~

class. resampling shift

~
adapt. Gauss. resampling

Comparing (2.48) with (2.24) we observe some similarities and some dif-
ferences. The LETKF does not know the selection reflected by the matrix
W, instead it transforms the ensemble by its matrix W. Both know a
shift term, for the LETKF it is given by w, for the LMCPF by W(Shift)w,
shifting each particle according to model error (here taken proportional to
ensemble spread), where the LETKF shifts according to the full ensem-
ble spread. The LMCPF also takes into account that part of the ensemble
spread which is kept during the selection process. Further, it employs adap-
tive resampling around each remaining shifted particle. This helps to keep
the filter stable and achieve an appropriate uncertainty described by o — b

statistics.
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3. Experimental Environment: the Global ICON Model

3.1 The ICON Model

We have carried out experiments testing the LMCPF algorithm in the
global ICON (ICOsahedral Nonhydrostatic) model, i.e., the operational
global NWP model of DWD, compare Zangl et al. (2014) and Potthast
et al. (2019) for further details on the systems. ICON is based on an un-
structured grid of triangles generated by subdivision from an initial icosahe-
dron. The operational resolution is 13 km for the deterministic run and 40
km for the ensembles both for the data assimilation cycle and the ensemble
prediction system (EPS). The upper air prognostic variables such as wind,
humidity, cloud water, cloud ice, temperature, snow and precipitation live
on 90 terrain-following vertical model levels from the surface up to 75 km
height. In the operational setup, we have 265 million grid points. We also
note that there are further prognostic variables on the surface and on seven
soil levels, in particular soil temperature and soil water content, as well as
snow variables, sea ice fraction, ice thickness and ice surface temperature of
ICON'’s integrated sea-ice model.

The data assimilation for the operational ensemble is carried out by an
LETKF based on Hunt et al. (2007). We run a data assimilation cycle with

an analysis every 3 hours. Forecasts are calculated based on the analysis
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for 00 and 12 UTC, with 180 hours forecast lead time. For the operational
system, forecasts with shorter lead times of 120 hours for 06 and 18 UTC
and 30 hours for 03, 09, 15 and 21 UTC are calculated. The ensemble data
assimilation cycle is run with L=40 members.

For the experimental setup of our study, we employ a slightly lower hor-
izontal resolution of 52 km for the ensemble and 26 km for the deterministic
run (in the operational setup a part of the observations quality control is
carried out within the framework of the deterministic run, we keep this
feature for our particle filter experiments). An incremental analysis update
with a window of ¢ € [-90 min, 90 min] around the analysis time for starting
the model runs is used. The analysis is carried out for temperature, humid-
ity and two horizontal wind components, i.e., for four prognostic variables
per grid point. This leads to n = 6.6 - 10° free variables at each ensemble
data assimilation step. Forecasts are only carried out for 00 and 12 UTC.

We employ L=40 members for the experimental runs as well.

3.2 Comparison in an Operational Framework

For testing and developing algorithms in the operational framework,
the tuning of basic algorithmic constants is a crucial part. The task of
testing in a real-world operational setup is much more intricate than for

what is usually done when algorithms are compared in a simulation-only
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small-scale environment. In particular for new algorithms, the whole model

plus assimilation cycled NWP system needs a retuning and it is difficult

to compare one algorithmic layer only within a very complex system with

respect to its performance. To compare two algorithms A and B, there are

two important points to be taken into account:

(1)

Tuning Status of the Methods. There might be a raw or default
version of the algorithms, but when you compare scores with the task
of showing that some algorithm is better than the other, you need to
compare tuned algorithms. In principle, you have to tune algorithm A
to give the best results and then you have to tune algorithm B to give
the best results and then compare the results of tuned A and tuned
B. If A has been tuned for several years, but B is raw, the results give
you insight into the tuning status of A and B, but not necessarily of
the algorithms as such! So we have to be very careful with generic

conclusions.

Quality Control of Obervations. When you compare two algo-
rithms for assimilation or two models, verification provides a variety
of scores. But verification with real data needs quality control of these
data, since otherwise scores are mainly determined by outliers, and
one broken device can make the whole verification result completely

useless. But how is the data quality controlled? Usually we employ

31



551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

o— f (observation minus first guess) statistic and remove observations
which are far away from the model first guess. This leads to an im-
portant point: each algorithm A and B needs to use its own quality
control. If model biases change between A and B, you will have a

different selection of ’good’ observations.

But how do you compare two systems which employ different observa-
tions? Omne solution can be to use observations for comparison which
passed both quality controls. A second method is to verify each al-
gorithm separately and then compare the scores (this is what is done
with World Meteorological Organization (WMO) score comparisons
between global models). A third method is to try to use ’indepen-
dent’ observations. But these also need some quality control, and
since they are not linked to any of the forecasting systems, it is un-
clear in what way their use in verification helps to judge a particular

algorithm or to compare two algorithms.

For our experiments, we compare the LMCPF with the LAPF and the
LETKF. The LETKF has a relatively advanced tuning status. LAPF has
been mildly tuned and the LMCPF is relatively new. We carried out several
tuning steps to try to make LMCPF and LETKF comparable. Further,
we employ quality control for the observations in each system separately.

Verification of the o — f statistics is based on each system independently.
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Here, one important performance measure is the number of observations
which passes the quality control. If this number is larger for B than for A,
we can conclude that the system fits better to the observations, which is
a good indicator for the quality of a short-range forecast. For comparison
of forecasts the joint set of observations is used, those which pass both the

quality control of algorithm A and algorithm B.

4. Numerical Results

The goal of this numerical part is, firstly, to investigate the relationship
between the observation vector mapped into ensemble space and the en-
semble distribution. Secondly, we show since the LMCPF moves particles
based on the Gaussian uncertainty of individual particles, it bridges the
gap between forecast ensemble and observations. Furthermore we study its
distribution. The third part shows results of observation - first guess (o-f)
statistics for the LMCPF with different choices for k > 0 compared to the
LETKF and the LAPF. Fourthly, we investigate the evolution of ensemble
spread with different parameter settings. In the last part we demonstrate
the feasiblity of the LMCPF as a method for atmospheric analysis and
subsequent forecasting in a very high-dimensional operational framework,
demonstrating that it stably runs for a month of global atmospheric analysis

and forecasting.
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4.1  Distributions of Observations in Ensemble Space

In a first step, we study (a) the distance between the observation and
the ensemble mean and (b) the minimum distance between the observation
and the ensemble members. In ensemble space, for distance calculations
an appropriate metric needs to be used. Recall that R™ with dimension
m is the observation space and R” with dimension L the ensemble space.
Given a vector 8 € R” in ensemble space, the distance corresponding to the
physical norm || - ||g-1 in observation space, which is relevant to the weight

calculation of the particle filter, is calculated by

YB3 = (YB.YB)n
= (YB,R'Yp)
— (YB)'R'YB
~ F"(Y'RTY)8
= (5,A8)
= 118113 (4.1)

where (-,-) denotes the standard L%-scalar product in R™ or RZ| respec-
tively. The notation (-,-)p with some positive definite matrix D denotes
the weighted scalar product (-,D -) and || - |[p = (-, )b, here with either

R~'in R™ or A in RY. Note that for A to be positive definite we need
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L <m.

The matrix A including the standard LETKF localization in observation
space has been integrated into the data assimilation coding environment.
Here, we show results from an LMCPF one month experiment studying one
assimilation step at 0 UTC of May 6, 2016. The cycle has been started May
1, such that the results illustrate a situation where the spin-up period is
over and LMCPF spread has reached a steady state (compare Figure 8).

At each analysis grid point ¢ of some coarse global analysis grid G we
have a matrix A (see Eq. (2.37)), L = 40 ensemble members and one
projected observation vector C € RL (see Eq. (2.37)). This leads to a
total of NV, = 10890 samples w numbering the analysis grid points in a
given height layer, e.g. for 850 hPa. The distance of the observations to the

ensemble mean is given by

do(w) == [|C(w)]]aw), (4.2)

where the metric A is chosen to be consistent with (2.36). The minimal

distance of the observations vector to the ensemble members is given by

nin (@) := min_||C(w) = ej][aw), (4.3)

T

with w = 1,..., N, where we employed (4.1) and where we note that in
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ensemble space the ensemble members z(®)) — T are given by the standard
unit normal vectors e;, j = 1,..., L.

To analyse the role of moving particles towards the observation in en-
semble space, in Figure 2 we show global histograms for do and d,,;, for
three height levels of approximately 500 hPa, 850 hPa and 1000 hPa. When
the distribution of both de and d,,;, are similar, i.e. the distribution of
the minimal distance of the observation to the ensemble members and the
distribution of the distance of observations to the ensemble mean are com-
parable, it indicates that we have a well-balanced system. To understand
the particular form of the distributions, we compare it with simulations of
random draws of a Gaussian distribution in a 40 dimensional space shown
in Figure 3. When you draw from a Gaussian with mean zero and standard
deviation o = 4, we obtain Figure 3 (a). The behaviour of the histograms of
the norms of the points drawn changes significantly if we consider mixtures
with different variances in different space directions. Figure 3 (a)-(e) shows

different distributions with variances given by

oj=-—, j=1,..,L (4.4)

where the constant n € (4,15, 30,40, 50) has been chosen to achieve a max-

imum around 4 and different decay exponents v € (0,0.5, 1,2, 3) have been
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tested. The distributions of Figure 2 correspond to a decay exponent be-
tween v = 1 and v = 2. How much is this reflected by the eigenvalue dis-
tributions for the matrices A? We have carried out a fit to the eigenvalue
decay of A for a selection of analysis points. The constant 7 is obtained by
using j = 1, which leads to o7 = 7. Taking the logarithm on both sides now
yields

vlog(j) = log(n) —log(o;), j=2,...,L. (4.5)

A fit of v can be obtained for example by division through log(j) and taking
the mean of the remaining right-hand side. The distribution of the resulting
exponents is displayed in Figure 3 (f). The results find exponents between
0.7 and 2.2. The corresponding distributions are those shown in Figure
3(c) and (d), which are quite close to the distributions of dx found in the

empirical particle-filter generated NWP ensemble in Figure 2.

4.2 The Move of Particles

At a second step, we want to investigate the capability of the LMCPF
to move particles towards the observation by testing different choices of
Kk > 0 given by (2.12). In Figure 4 we compare histograms of the norm
of the mean ensemble shift in ensemble space for pressure level 500 hPa,
determined for May 6th, 0 UTC. The four histograms show the statistics

for the three filters in different settings: a) LAPF, b) LMCPF with x = 1,
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c¢) LMCPF with x = 2.5 and d) LMCPF with x = 25.

There are two effects seen in Figure 4. First, we see the distribution of
average shifts or moves of the ensemble mean generated by the LAPF and
the LMCPF with three different choices x controlling the size of the uncer-
tainty used for each particle. The mean shift increases if the uncertainty
increases, i.e., from xk = 1 to kK = 2.5 and Kk = 25. To develop an under-
standing of the relative size of this shift let us look at the one-dimensional

version of formula (2.41) given by

s(k) = b (4.6)

r+ kb’

with background variance b and observation error variance r, reflecting the
size of the particle move. When we, for example, choose r = 4 and b = 16,
as we would get with typical values for the error of 2 m s~! for wind mea-

surements and an ensemble standard deviation of 4 m s~}

, and then study
k € (1,2.5,10,25), we obtain factors of size s(k) € (0.8,0.9,0.97,0.99). If
the observation has a distance of 3.6 to the ensemble mean, as seen in Fig-
ure 2, this would make the means observed in Figure 4 plausible. For small
k = 1 here the particle move is 0.8 times the innovation, for large Kk = 25

it is 0.99 times the innovation y — H(z®). In Figure 4 we observe this be-

haviour with the median of the ensemble increments being median = 2.62
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in (a) to median = 3.54 in (d).

As a final step of this part, we want to investigate not only the overall
distribution of the particle moves, but relate the size of the average particle
move to the distance of the observation to the ensemble mean. Figure
5 shows scatter and density plots for the LMCPF with different particle
uncertainty. We employ the same values for x as in Figure 4, (a) and (d)
with k = 1, (b) and (e) with x = 2.5, (c¢) and (f) show results for x = 25.
Displayed are statistics for the average particle move vs. the difference of
the observation vectors from the ensemble mean, all for the pressure level
at 500 hPa.

The results of Figure 5 show that clearly the move of the particles is
related to the necessary correction as given by the distance of the observa-
tion to the individual particle. There is a clear correlation of the average
move to the observation discrepancy with respect to the ensemble mean. If
we would investigate each particle individually in one dimension, all points
would be on a straight line with slope given by (4.6). The situation in a
high-dimensional space with non-homogeneous metric is more complicated
as reflected by Figure 5. The figure confirms that the method is working as

designed.
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4.8 Assimilation Cycle Quality Assessment of the LMCPF

Here, studying standard global atmospheric scores for the analysis cycle
we investigate the quality of the LMCPF by testing different choices of xk >
0, investigate the interaction effects between particle uncertainty, ensemble
spread and adaptive spread control and compare it to the way the LETKF
moves the mean of the ensemble. For this aims we show two figures.

Figure 6 shows the functionality of the LMCPF by a display of the
analysis and the first guess errors for upper air temperature for an ICON
assimilation step, comparing the LETKF and the LMCPF with exact and
approximate weights, respectively. Here, in the first line we show statistics
for the LMCPF (blue line) with exact weights and x = 2.5 compared to
the LETKF (red line). The left panel shows the number of observations
which passed quality control, the middle panel shows the root mean square
error (RMSE) of observation minus first guess statistics (o — f) (also known
as observation - background (o — b) statistics) and the right panel shows
the RMSE for observations minus analysis statistics (o — a). The blueish
shading shows areas with lower values for the LMCPF in comparison to the
LETKF. The second row shows the comparison of the LMCPF with exact
(blue lines) and approximate (red lines) weights.

It can clearly be seen that with respect to o — f scores the LMCPF is

able to outperform the LETKF in case studies with one assimilation step
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when an appropriate size of the uncertainty of each particle, here given by
the size of k, is found. The experiments demonstrate that the exact weights
yield better results than the approximate weights.

The numerical experiments prove that the particle uncertainty enables
the LMCPF to move the background ensemble towards the observation in
a way comparable to or even better than the LETKF. This effect remains
active during model propagation and can also be observed for the first guess
statistics and for forecasts with short lead times. Here, the LMCPF is able
to outperform the operational version of the LETKEF.

In Figure 7 we show a comparison of analysis cycle verification for a
full one month period of LMCPF, LAPF and LETKF experiments. The
columns are showing the same statistics as in Figure 6. The first row in
Figure 7 shows the differences between LETKF (red line) and LMCPF with
exact weights and x = 2.5 (blue line) for a full month of cycling (Jan 2022).
The second row shows the comparison of LAPF (red line) and LMCPF
with with approximate weights and x = 2.5 (blue line) for one month (May
2016). Again, the blueish shading indicates lower numbers or RMSE values
for the experiment (LMCPF), the yellowish shading indicates lower values
for the reference (LETKF resp. LAPF).

Row one shows that the LMCPF with particle uncertainty given by

k = 2.5 can outperform the LETKF for short lead times, which is very
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important for practical applications. Here the LMCPF is up to 2.5% better
than the LETKF for the o — f statistics. In this experiment, for some levels
in the atmosphere the 0 — a and o — f statistics of the LMCPF are up
to 0.5% worse than the LETKF. The amount of data which passes quality
control is quite similar for all methods under consideration, however, at
some levels we loose up to 1.1% of observations in comparison with the
LETKF. This is an effect of quality control based on the ensemble spread -
a smaller ensemble spread as we observe for the particle filter leads to less
observations passing quality control. In the second row of Figure 7 we show
the statistics of LAPF (Potthast et al., 2019) vs. LMCPF. Here we can
clearly see that the LMCPF shows much better upper air scores than the
LAPF. It clearly shows the importance of allowing a movement of particles
towards the observations by using particle uncertainty.

Overall we conclude that with respect to the verification of the analysis
cycle the LMCPF with particle uncertainty given by x = 2.5 is comparable
to the LETKF, with some levels to be better, some to be worse, overall
differences mostly below 3%. The upper air verification for the analysis
cycle of the LMCPF in operational setup is more than 10% better than for

the LAPF.

42



767

768

769

770

771

772

773

774

775

776

77

778

779

780

781

782

783

784

785

4.4 The Evolution of the Ensemble Spread

It is an important evaluation step to investigate the stability of the
LMCPF for global NWP over longer periods of time. To this end, we have
run a period of one month. We compare the particle spread evolution of the
LMCPF, the LAPF and LETKF in Figure 8. All experiments were started
with an ensemble which consists of 40 identical copies of the particles, i.e.,
with an ensemble in degenerate state. Thus, here the tests also evaluate
the capability of the whole system to resolve degeneracy and return to an
ensemble with reasonable stable spread.

In a sequence of experiments we have tested the ability of the LMCPF
to reach and maintain a particular ensemble spread using a combination of
the choice of k with a posterior covariance inflation

G = s G (4.7)

ens ens

for each particle with é&‘,?s replacing GEZ)S in equation (2.48), which is used
to generate the analysis ensemble by random draws. We also note that for
the random draw of equation (2.46) we employed bounds given by ¢y and
¢1. The parameter combinations chosen for six different experiments over
one week are compiled into Table 1. The corresponding spread evolution is

visualized in Figure 8. The results show that, starting with an initial ensem-
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ble of identical particles, after some spin-up phase of 2-3 days all particle
filters reach their particular spread level and keep it stable over a longer
period of time. We carried out selected longer term studies comparing the
behaviour of the LMCPF (red), the LAPF (blue) and the LETKF (black)
over a period of one month.

The control of the ensemble spread is a delicate topic. A larger ensem-
ble spread does not necessarily lead to better forecast scores, measured by
RMSE (Skill) of the ensemble mean or its standard deviation (SD), defined
as the RMSE after the bias has been subtracted. With the ability to con-
trol separately the strength of the adaptive resampling and the ability of the
filter to pull the particles towards the observations, we have independent
parameters at hand to adapt the approximations to a real-world situation.
At the same time, the way the assimilation step of the LMCPF pulls the
ensemble to the observations is based on both the size of the particle un-
certainty, which itself is depending on the ensemble spread, and within the
cycled environment on the adaptive resampling. Of course, it would be de-
sirable to develop tools to estimate the real uncertainty adequate for each
particle, and to keep all parts of the system consistent. We expect this to
lead to much further research and discussions, which are beyond the scope

of this work.
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4.5  Forecast Quality of the LETKF and LMCPF experiments

As the last part of the numerical results, we study the quality of longer
forecasts based on the analysis cycle of the LMCPF with x = 2.5 and
compare it to the LETKEF based forecasts in Figure 9 and to forecasts based
on the LAPF analysis cycle in Figure 10. For this purpose, forecasts were
run twice a day at 00 UTC and 12 UTC. In Figure 9 we display upper air
verification for the LMCPF (dashed lines) with exact weights and for the
LETKF (solid lines). The different colors identify the different lead times,
from one day up to one week. The first row shows the upper air temperature
and the second row shows the verification of pressure forecasts. The first
panel shows the Continuous Ranked Probability Score (CRPS), the second
panel the Standard Deviation (SD), the third panel the Root Mean Square
Error (RMSE) and the last panel shows the Mean (ME). For CRPS, SD
and RMSE it is the aim to receive statistics as low as possible; for the Mean
(=Bias) it is the goal to reach zero. We used the same observations for
verification in both experiments.

Studying the results shown in Figure 9, we observe that forecast scores
are very similar for LMCPF and LETKF for the upper air temperature.
For pressure forecast the bias (ME) for the LMCPF is mostly smaller than
for the LETKF below 50hPa.

In Figure 10 we show the same statistics as in Figure 9 focussing on
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relative humidity and upper air temperature for the comparison of LMCPF
and LAPF, where here we used the approximate weights or both to study
the effect of the shifts only. Here, it can be clearly seen that the LMCPF
shows lower RMS errors than the LAPF for both variables and for all levels.
For relative humidity the LMCPF is clearly better for the shorter lead times
up to three days, but with less prominence it still outperforms the LAPF
for the longer lead times up to one week. For the upper air temperature the
RMSE statistics are clearly better for the LMCPF for all lead times. It is
worth noting that the biases for the two particle filters show a quite similar
behaviour.

These results altogether demonstrate that using particle uncertainty is
an important ingredient for improving first guess and forecast scores of the

particle filter.

5. Conclusions

In this work we develop the use of a Gaussian mixture within the frame-
work of the Localized Adaptive Particle Filter (LAPF) introduced in Pot-
thast et al. (2019), as an approximation to model and forecast particle
uncertainty in the prior and posterior distributions. The filter, following
earlier ideas of Hoteit et al. (2008) and Liu et al. (2016a,b) constructs an

analysis distribution based on localized Gaussian mixtures, whose posterior
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coefficients, covariances and means are calculated based on the prior mix-
ture given by the ensemble first guess and the observations. The analysis
step is completed by resampling and rejuvenation based on the LAPF tech-
niques, leading to a Localized Mixture Coeflicients Particle Filter (LMCPF).
In contrast to the LAPF the LMCPF is characterized by a move or shift of
the first guess ensemble towards the observations, which is consistent with
the non-Gaussian posterior distribution based on a Bayesian analysis step,
and where the size of the move is controlled by the size of the uncertainty
of individual particles.

We have implemented the LMCPF in the framework of the global ICON
model for numerical weather prediction, operational at Deutscher Wetterdi-
enst. Our reference system to test the feasibility of ideas and demonstrate
the quality of the LMCPF is the LETKF implementation operational at
DWD, which generates initial conditions for the global ICON Ensemble
Prediction System ICON-EPS. We have shown that the LMCPF runs sta-
bly for a month of global assimilations in operational setup and for a wide
range of specific LMCPF parameters. Our investigation includes a study
of the distribution of observations with respect to the ensemble mean and
statistics of the distance of ensemble members to the projection of the ob-
servations into ensemble space. We also study the average size of particle

moves when uncertainty is employed for individual Gaussian particles within
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the LMCPF and provide an analytic explanation of the histogram shapes
with a comparison to the eigenvalue distribution of the matrices A on which
the particle weights are based.

We show that the upper air first guess errors of the LMCPF and LETKF
during the assimilation cycle are very similar within a range of plus-minus
1-3%, with the LMCPF being better below 850 hPa and the LETKF being
better in some range above. Forecast scores for a time-period of one month
have been calculated, demonstrating as well that the RMSE of the ensembles
is comparable for upper air temperature, relative humidity, wind fields and
pressure (2-3%). The size of the mean spread of the LMCPF strongly
depends on parameter choices and is usually stable after a spin-up period.

In several shorter case studies we demonstrate that by varying the pa-
rameter choices, we can achieve better first guess RMSE for the LMCPF in
comparison to the LETKF, which shows that for very short range forecasts
the quality of the method can be comparable to or better than that of the
LETKF. While reaching a break-even point for operational scores with a
new method establishes an important mile-stone, we need to note that there
are many open and intricate scientific questions here with respect to the
choice of parameters for the Gaussian mixture and their inter-dependence
as well as about the control of an optimal and correct ensemble spread both

in the analysis cycle and for the forecasts.

48



889

890

891

892

893

894

895

896

897

898

899

900

901

902

903

904

905

906

907

Overall, with the LMCPF we demonstrate significant progress compared
to the localized adaptive particle filter (LAPF) for numerical weather pre-
diction in an operational setup, demonstrating that the LMCPF has reached
a stability and quality comparable to that of the LETKF, while allowing
and taking care of diverse non-Gaussian distributions in its analysis steps.

Clearly, there is much more work to be done. The automatic choice
of current tuning parameters is an important topic. Also, in further steps
we will take a look at the quality control. Currently, the LMCPF and
the LETKF are using the same observation quality control, but the LM-
CPF seems to need a more accurat approach. Furthermore, we have im-
plemented the LAPF and LMCPF in the Lorenz 63 and Lorenz 96 models
and are studying the characteristics of the particle filters in low-dimensional

systems.
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Figure 2. We show global histograms of d¢ and d,;, defined in (4.2) and

(4.3) for three different pressure levels: 500 hPa in (a) and (d), 850 hPa

in (b) and (e) and 1000 hPa in (c) and (f), with d¢ in (a)-(c) and d,

in (d)-(f). Shown are statistics for the LMCPF with x = 25 for May

6th, 0 UTC.
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Figure 3. We show simulations of distributions of random draws in an
L = 40 dimensional space, with different mixtures of variances given
by formula (4.4), here with n € (4,15, 30,40,50) and v € (0,0.5, 1,2, 3)
in (a) to (e). A histogram of the fit of exponents v as in (4.4) to the
eigenvalue decay of the matrices A for a selection of 1000 points is
shown in (f). The fit is obtained from the mean of exponents derived

from formula (4.5).
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Figure 4. We show global histograms of the norm of the mean ensemble
shift at pressure level at 500hPa. On the x-axis we show the norm of
shift of mean vectors in ensemble space and on the y-axis we show the
frequency. We display the histogram for (a) the LAPF, (b) the LMCPF
with k = 1, (¢) the LMCPF with £ = 2.5 and (d) shows the LMCPF
with k = 25. The pink line displays the median, which is also shown

on the top of each plot. Shown are the statistics for May 6th, 0 UTC.
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Figure 5. We show scatter and density plots of the average particle move

versus the distance of the observation vector to the ensemble mean, all

for the pressure level 500 hPa in ensemble space. On the x-axis we can

see the norm of the observation distance to ensemble mean and on the

y-axis we show the average size of the corresponding particle move. We

display statistics for the LMCPF with different particle uncertainty, for

each setting a scatter plot and a density plot which shows high density

of points in a better way. (a) and (d) show the statistics for k = 1, (b)

and (e) for k = 2.5 and (c) and (f) for k = 25, all for May 6th, 0 UTC.
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Figure 6. We show the observation verification of upper air temperature
measured by airplanes, in particular the first guess and analysis scores.
The three columns show the number of observations which passed qual-
ity control, the RMSE for o — f statistics and the RMSE for 0o — a
statistics for the LMCPF with exact weights (blue line) compared to
the LETKF (red line) in the first row and the LMCPF (blue line) with
exact weights compared to the LMCPF with approximate weights (red
line) in the second row. We display results for one global assimilation

step at 20220101 00 UTC.
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1107

nos  Figure 7. Again, we show some observation verification statistics for upper

1109 air temperature measured by airplanes. We show the same statistics as
1110 in Figure 6 but for experiments carried out for the period one month
1111 each. In the upper row the comparison between LETKF (red line)
1112 and LMCPF (blue line) with exact weights is shown for Jan 2022, in
1113 the lower row we show the comparison between LAPF (red line) and

1114 LMCPF (blue line) in May 2016.
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1115

uis  Figure 8. The evolution of the ensemble spread is shown for three filters

1117 and six different parameter choices for the LMCPF for a time period
1118 of both one month (LETKF - black, LAPF - blue, LMCPF - red) and
1110 for one week for different parameter choices for the LMCPF (see Table
1120 1). The x-axis shows the period in one day steps. The y-axis shows
1121 the upper air temperature at ICON model level 64 (~ 500 hPa) in
1122 Kelvin. The first row shows the mean of the spread, the second row
1123 the minimum and the third row the maximum.
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Figure 9. We display forecast scores for the LMCPF (dashed) with ex-

act weights and the LETKF (bold lines) calculated for January 2022.
Shown are the continuous rank probability score (CRPS), the standard
deviation (SD), the RMSE and the mean (ME). First row shows the
upper air temperature, the second row shows pressure forecast verifi-
cation. The colors indicate the different lead times from one day to 7

days.
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Figure 10. Exemplarily for relative humidity and upper air temperature

we show the improvement of the LMCPF with approximate weights

(dashed) compared to the the LAPF (bold lines) for May 2016.
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Parameter choices for the six one week experiments of Figure
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Exp No. K Kpost c1 p)
2 0.5 5 0.5 1.5
3 0.5 3 0.5 1.5
4 0.3 5 0.5 1.5
5 1 1 0.3 3.0
6 0.5 3 0.5 3.0
7 0.3 5 0.5 3.0

u3ze Table 1. Parameter choices for the six one week experiments of Figure 8.

1140 Further, we used ¢q = 0.02 and p(®) = 1.0 for all experiments.
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