Journal of the
Mleteorological
Soclety of
Japan

EARLY ONLINE RELEASE

This is a PDF of a manuscript that has been peer-reviewed
and accepted for publication. As the article has not yet been
formatted, copy edited or proofread, the final published

version may be different from the early online release.

This pre-publication manuscript may be downloaded,
distributed and used under the provisions of the Creative
Commons Attribution 4.0 International (CC BY 4.0) license.

It may be cited using the DOI below.

The DOI for this manuscript is
DOI:10.2151/jmsj.2025-032

J-STAGE Advance published date: July 10, 2025
The final manuscript after publication will replace the

preliminary version at the above DOI once it is available.



10

11

12

13

14

15

16
17
18

19

20
21
22
23
24
25
26
27
28
29

Four-dimensional Variational Data Assimilation Using
the Second-order Incremental Approach and Quantum

Annealing

Tadashi TSUYUKI'

Center for Environmental Remote Sensing, Chiba University, Chiba, Japan
Meteorological Research Institute, Japan Meteorological Agency, Tsukuba, Japan

Fumitoshi KAWASAKI

Graduate School of Science and Engineering, Chiba University, Chiba, Japan

and

Shunji KOTSUKI

Center for Environmental Remote Sensing, Chiba University, Chiba, Japan
Institute for Advanced Academic Research, Chiba University, Chiba, Japan
Research Institute of Disaster Medicine, Chiba University, Chiba, Japan

Submitted: December 27, 2024
Revised: April 18, 2025
Re-revised: June 25, 2025

1) Corresponding author: Tadashi Tsuyuki, Center for Environmental Remote Sensing,
Chiba University, 1-33, Yayoicho, Inage-ku, Chiba-shi, Chiba, 263-8522 Japan

Email: ttsuyuki@chiba-u.jp

Tel: +81-443-290-2965



30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

Abstract

Four-dimensional variational data assimilation (4DVar) has been used as widely as

ensemble Kalman filters (EnKFs) in meteorology and oceanography. Unlike EnKFs,

4DVar can be applied to strongly nonlinear regimes in data assimilation. A problem with

4DVar is that the cost function may have multiple minima, and that it can be difficult to

find the global minimum using a gradient descent method. Quantum annealing can find

the global minimum via quadratic unconstrained binary optimization (QUBO). This study

proposes a method of searching for the global minimum of the 4DVar cost function by

combining a second-order incremental approach and quantum annealing, in which the

latter provides guidance on where to explore in state space by minimizing an

approximated cost function. This approximated cost function is constructed in low-

dimensional space by expanding state variables up to the second order around a basic

state. If the global minimum cannot be reached after a couple of updates of the basic

state, the 4DVar analysis is replaced by an EnKF analysis in assimilation cycles. Data

assimilation experiments using the Lorenz-63 model were conducted as a proof of

concept of the proposed method. The results revealed that the proposed method

significantly reduced the frequency of falling into local minima, and that the benefit of

extending the length of the assimilation window was realized even in strongly nonlinear
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regimes. Data assimilation experiments in which simulated annealing was adopted

instead of quantum annealing showed that quantum annealing exhibited comparable or

better performance compared to simulated annealing.

Keywords four-dimensional variational data assimilation; second-order incremental

approach; quantum annealing; simulated annealing; quadratic unconstrained binary

optimization
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1. Introduction
Data assimilation is a methodology of estimating the state of a dynamical system by

assimilating observational data into a system model using an observation model. Since state
variables of the system model cannot always be observed directly, the observation model is
introduced to relate observational data to state variables. Four-dimensional variational data
assimilation (4DVar, Le Dimet and Talagrand 1986; Talagrand and Courtier 1987) has been
used as widely as ensemble Kalman filters (EnKFs, Evensen 1994) for operational forecasts
and research in meteorology and oceanography. Unlike EnKFs, 4DVar can be applied to
strongly nonlinear regimes in data assimilation. The analysis state of 4DVar is the mode of
a posterior probability density function (PDF). Let the governing equation of a dynamical
system be written as

% = F(x,t), (D
where x(t) is an n-dimensional vector consisting of state variables. The PDF of state
variables p(x,t) evolves according to the Liouville equation (e.g., Ehrendorfer, 1994):

dp

0
S +a= (@F) = 0. @)

Let us assume that the governing equation satisfies the following condition:

at[aF]_O 3
ox lox) ~ ®3)

which means that the divergence of flow is uniform in the state space spanned by the state

variables. This condition is satisfied by Hamiltonian dynamical systems, in which the

divergence of flow vanishes according to Liouville’s theorem (e.g., Goldstein et al. 2001). It
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is also satisfied by the Lorenz-63 model (Lorenz 1963) and the Lorenz-96 model (Lorenz

1996), for example. Then we can prove that if the initial condition x(0) is the mode of

p(x,0), x(t) remains the mode of p(x,t). We can also prove that in assimilating

observational data 4DVar implicitly uses a non-Gaussian prior PDF that evolves according

to the Liouville equation from a Gaussian prior PDF given at the beginning of the assimilation

window (Tsuyuki 2014). The latter property is a nonlinear extension of one of the well-known

properties of 4DVar in linear Gaussian systems (e.g., Thépaut et al. 1993; Tsuyuki and

Miyoshi 2007).

If a numerical model of the dynamical system is perfect, then 4DVar analysis becomes

more accurate as the length of the assimilation window increases, because more

observational data are assimilated and the influence of the Gaussian assumption on the

prior PDF at the beginning of the assimilation window becomes weaker. However, a problem

with long-window 4DVar is that the cost function may have multiple secondary minima due

to strong nonlinearity, and it can be difficult to find the global minimum using a gradient

descent method. A similar difficulty arises when the system model or observation model is

strongly nonlinear. In 4DVar experiments with the Lorenz-63 model, Gauthier (1992) showed

that a significant secondary minimum could not be found in a regular regime of the model,

whereas this was not the case in a transition regime, and that the point of convergence was

highly dependent on the first guess, a starting point of gradient descent. Pires et al. (1996)

revealed theoretically that, in the limit of an infinitely long assimilation window, the landscape

4
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of the cost function in state space is singular; it folds into deep, narrow valleys parallel to

sheets of unstable manifolds in dynamical systems, and an unbounded number of

secondary minima appear. These authors also proposed the quasi-static variational

assimilation algorithm to determine the global minimum of 4DVar. In this algorithm, the

analysis at the beginning of the assimilation window is updated with successive small

increments of the length of the assimilation window; however, this algorithm is costly and

cannot guarantee success with every attempt. On the other hand, Andersson et al. (2005)

discussed issues involved in extending the 4D-Var algorithm to a longer assimilation window

in the presence of nonlinearity, and concluded that a long-window weak-constraint 4D-Var

has exciting prospects.

Quantum annealing is aimed at finding the ground state of a generic Ising model (Finnila

et al. 1994; Kadowaki and Nishimori 1998; Farhi et al. 2001) through quantum tunneling;

many combinatorial optimization problems have been shown to reduce to this problem.

Since the release of the quantum annealer 2000Q from D-Wave Systems in 2011 (Johnson

et al. 2011), quantum annealing research has progressed rapidly, with applications in graph

partitioning (Ushijima-Mwesigwa et al. 2017), clustering (O’Malley et al. 2018), machine

learning (Willsch et al. 2020), and model predictive control (Inoue et al. 2020). Kotsuki et al.

(2024) proposed quantum data assimilation, a novel data assimilation strategy that solves

the 4DVar optimization problem using quantum annealing. These authors reported a

significant reduction of execution time with comparable accuracy to a gradient descent
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method.

This study proposes a method of searching for the global minimum in 4DVar in strongly

nonlinear regimes through combining a second-order incremental approach and quantum

annealing, in which quantum annealing provides guidance on where to explore in state

space by minimizing an approximated cost function. This approximated cost function is

constructed in low-dimensional space by expanding state variables up to the second order

around a basic state. If the global minimum cannot be reached after a couple of updates of

the basic state, then 4DVar analysis is replaced by an EnKF analysis. Data assimilation

experiments using the Lorenz 63 model were conducted as a proof of concept. Additionally,

a comparative analysis was conducted in which quantum annealing was replaced by

simulated annealing (Kirkpatrick et al. 1983) in the proposed mehod.

The remainder of this article is organized as follows. Section 2 introduces the proposed

method of searching for the global minimum in 4DVar, including approximation methods in

low-dimensional space and the physical concept of quantum annealing. Section 3 describes

the design of data assimilation experiments using the Lorenz-63 model, and Section 4

presents the experimental results. A summary and discussion are provided in Section 5.

2. Methods

2.1 Overview

The basic concept of the proposed method of searching for the global minimum of the

6
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4DVar cost function is that when a gradient descent method fails to reach the global

minimum, quantum annealing can provide guidance on where to explore in state space.

Figure 1 shows a cost function plotted against a control variable in one-dimensional space.

The control variable is a deviation from the background state, which is the predicted state

from the latest analysis. The cost function is assumed to have two minimum points and the

background state is taken as the starting point of the gradient descent method. In Fig. 1, the

gradient descent method is directly applied to the original cost function, but the conventional

incremental 4DVar (Courtier et al 1994) can also be used to search for a minimum. Although

the latter approach is usually adopted in operational 4DVar systems, we do not use this

approach in this study to avoid confusion.

Quantum annealing is a method of quadratic unconstrained binary optimization (QUBO);

therefore, we need to approximate the cost function using a polynomial for the control

variables and to transform higher than second-order terms into linear or quadratic terms

using a property of binary variables. We adopt the background state as a basic state and

approximate the cost function around the basic state using a quartic polynomial, which is

the lowest-order polynomial with multiple minima. For this purpose, we extend the

conventional incremental 4DVar to the second-order incremental approach. Because

quantum annealing is a discrete-variable optimization method, he control variable for

guantum annealing is assumed to take integer values only. Then, quantum annealing is used

to find the global minimum of this approximated cost function (dashed line) in discrete control

7
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space. Although this minimum point is generally different from the global minimum of the

approximated cost function, it may lie in the domain of attraction of a possible global

minimum of the original cost function, which can be found using the gradient descent method

starting from the minimum point obtained by quantum annealing. Thus, the minimum point

obtained by quantum annealing plays a guiding role in determining which region of the

control space to explore.

If the minimum point thus obtained is not the global minimum of the original cost function,

this process can be repeated by updating the basic state around which the cost function is

approximated. We adopt the minimum point obtained by quantum annealing as the updated

basic state. The process of updating the basic state and approximating the cost function

around this basic state is conducted as an outer loop of minimization of the cost function.

Note that this is a local search method exploring a neighborhood of the background state.

As long as the background state is close to the true state, we can expect that this method

will work. Thus, the proposed method is expected to broaden the applicability of 4DVar in

strongly nonlinear data assimilation, although it depends on the future development of

quantum annealers.

Figure 2a shows the workflow of the proposed method. Hybrid 4DVar (e.g., Bonavita et

al. 2016) is adopted as a basic data assimilation method, in which the background error

covariance matrix is provided by an EnKF to make the background error covariance flow-

dependent. The outer loop in the figure represents the iterative computation described in the

8
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previous paragraph. If the global minimum cannot be reached after a certain number of outer
loop iterations, then an EnKF analysis is adopted as an output. When the cost function has
multiple minima, it is generally difficult to determine whether the global minimum has been
reached. In this study, when the convergence value of the cost function J, exceeds a given
threshold value J., the gradient descent method is assumed to have failed to reach the
global minimum. The procedure of replacing the 4DVar analysis by an EnKF analysis when
J. > J. is hereafter referred to as “EnKF replacement”. The analysis error variance of EnKFs
is smaller than forecast error variance; therefore, EnKF replacement almost always
improves analysis accuracy, as will be shown in Section 4.1. This procedure can also be
implemented in hybrid 4DVar. Figure 2b shows the workflow of hybrid 4DVar with EnKF
replacement. We compared the two methods in Fig. 2 to evaluate the performance of the

proposed method.

2.2 Second-order incremental approach
a. Cost function

The 4DVar analysis is obtained by minimizing a cost function that measures differences
between the background state and observational data (e.g., Kalnay 2003). Let x,, x5, and
B denote the state variables, background state, and background error covariance matrix,
respectively, at the beginning of the assimilation window of 4DVar at time t,. Let x,, y7.,

and R, denote the state variables, observations, and observation error covariance matrix,
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respectively, at time ¢, (k = 1,---,K) in the assimilation window. The time interval between
observations need not to be equal, such that missing data are allowed. Background error
and observation error are assumed to have Gaussian distributions, and the observation

model is assumed to be linear for simplicity. Then the cost function of 4DVar is written as

K
1 T 1 _
J(x0) = E(xo —x3) B (xo —x§) + EZ(Hkxk -y R, (Hyxy — ¥2), (4)
k=1

where the superscript T denotes the transpose of a vector or matrix, H; is the linear
observation operator at time t;, and x; is obtained by integrating Eq. (1) with the initial
condition x,. The time steps used for this integration and the time between observations
generally differ. The analysis at the beginning of the assimilation window, x§, is obtained as
the minimum point of J(x,), and the analysis at the end of the assimilation window, x%, is
computed by integrating Eq. (1) with the initial condition x{. In assimilation cycles of 4DVar,
the latter analysis is used as the background state at the beginning of the next assimilation
window.

We transform the cost function Eq. (4) to an incremental form to introduce the quartic
polynomial approximation. The cost function of incremental 4DVar for the [th outer loop, of

which the basic state is denoted by x,(f), is given by

JO(6x0) = 2 (50 + ax®) 152 + x)

K
T
+5 ) (Heoxl - a) R (Hyox? - a?), (5)
k=1

N =

where

10
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ng) = X — x,(cl), Ax(()l) = x(()l) —xb, d,(cl) =y%—H kxfcl). (6)
The basic state of the first outer loop at time ¢, is x5, and those of the other outer loops

are set to the minimum points obtained by the last quantum annealing. The basic state xff)

is obtained by integrating Eq. (1) with the initial condition x(()l). In the conventional
incremental approach, a low-resolution model is used to minimize Eq. (5) in which 6xg) is

approximated by a linear function of Sx(()l), and the basic state of the next outer loop xg”l)

is obtained by adding the convergence value of 6xgl) to xgl) in the original resolution. In
the remainder of Section 2, Eq. (5) is regarded as the cost function of a low-resolution
version of Eq. (1), and n denotes the number of state variables in the low-dimensional
model.
We introduce an n-dimensional control variable u defined by

5x = Lu, (7)
where L is the Cholesky decomposition matrix of B satisfying B = LLT. This is a standard
pre-conditioning method for accelerating the convergence of 4DVar. Note that we can apply
the eigenvalue decomposition to B instead of the Cholesky decomposition to introduce the
control variable. In this case, we can reduce the dimension of u by neglecting eigenvectors
with small eigenvalues as follows:

5x0 ~ Vyu = (VAvs, - yon ), (N <n) (8)
where 4; is the ith eigenvalue of B in descending order and v; is the corresponding

normalized eigenvector. The N largest eigenvalues and corresponding eigenvectors of B

11
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can be computed by using the Lanczos method (e.g., Golub and Van Loan 2012), but this
approach is more expensive than the Cholesky decomposition.

In linear Gaussian systems, the convergence value of the cost function J, multiplied by
2 follows a y? distribution with degrees of freedom equal to the number of assimilated
observations m (e.g., Michel 2014). Thus, the mean and variance of ], are both equal to
m/2. We set the threshold /. to the upper 0.01% point of the y? distribution with degrees
of freedom m, based on results of preliminary data assimilation experiments using hybrid
4DVar. Although the these properties do not hold in nonlinear systems, this threshold value
is useful for determining whether the minimization in 4DVar fails to reach the global minimum,
as will be shown in Section 4.1.

In the conventional incremental approach, the increment of the [th outer loop 6x,(f) is

approximated by a linear function of ngl), whereas in this study it is approximated by a

quadratic function of 6x(()l):

0
N
1 (N1
l l l l . l
5x;>zM;>axg>+§(5xg>) : | 62, 9)
NO
kn

n
where M,(f) is the Jacobian matrix evaluated at xgl), and {NSZ} , are the coefficient
i=

matrices of the second-order terms of the Tayler expansion of (Sx,((l) in 6x.. Substitution of

Eq. (9) into Eq. (5) yields a quartic polynomial approximation of the cost function, which may
n n

have multiple minima. Note that {Ngz} are symmetric, and that M,((l) and {N,(g} may
=1 =1

be sparse in a high-dimensional system, because the contributions of initial conditions at

12
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sufficiently distant grid points are negligible. These matrices can be computed approximately

in state space or ensemble space.

b. Approximation in state space

The matrices MS) and {N,(Q} can be obtained using perturbation equations of Eq.

n
i=
(1). Let éx(t) be the deviation of x(t) from the basic state x(t) and be expanded in
perturbation variables as

6x(t) = 6x1(t) + 6x%(t) + -+, (10)

where 6x*(t) is the kth-order perturbation. Note that 6x(t,) and X(t,) correspond to

5x§€l) and x,(f), respectively, in Section 2.2.a. The first two perturbation equations are given

by
d Sx! = oF Sxl(t 11
TR B O (1)
d52—aF62t+1(61t)TaZF Sxl(t 12
TR BN ORPACR O axaxfx()' (12)
with the initial conditions of
5x1(0) = 6x(0), 5x%(0) = 0. (13)

The matrices M,(f) and {fo)l}

n
i=

are computed by integrating Egs. (11) and (12) starting
=1
from two sets of simple initial conditions. The first set consists of n unit vectors in n-
dimensional space, and the second set consists of n(n — 1)/2 sums of all pairs of the unit

vectors. The first set of initial conditions yields M,(f) and the diagonal components of

n
{Ng)i}. , and the second set yields the sum of diagonal and off-diagonal components of
=1

13
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293

n
i=

{N,(fg}:lzl, from which we can compute the off-diagonal components of {N,(fz} ) using the
symmetric property of the matrices.

Equations (11) and (12) must be integrated starting from n(n + 1)/2 different initial
conditions; therefore, this procedure appears unfeasible for a high-dimensional system. We
can reduce the dimension of u by adopting Eq. (8) instead of Eq. (7). Substitution of Eq.

(8) into Eq. (9) yields-

l
o o L (V"N
5x,’ =~ (Mk VN)u+EuT : u, (14)
vy'NO v,

where the matrices in the parentheses on the right-hand side of Eq. (14) are computed as
described in the previous paragraph except that the set of simple initial conditions is given
by the product of Vy and N unit vectors in N-dimensional space and by the product of V
and N(N — 1)/2 sums of all pairs of the unit vectors. The approximated cost function can
be minimized by quantum annealing, and the resulting minimum point u,,;, in control space
can be converted into the minimum point in state space: xpin = Xy + Vyupin- The latter
minimum point may lie in the domain of attraction of a possible global minimum of the original

cost function, and it can be found using a gradient descent method starting from x,,;,-

c. Approximation in ensemble space
A more feasible method for a high-dimensional system is to compute the matrices in the

ensemble space of a low-resolution version of Eq. (1). Let N’ be the ensemble size, and let

14
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X{; be the n x N' matrix of forecast ensemble perturbations at initial time t,, which is
defined by

x5 = (6xf@, .., 6x)™), (15)
where {mﬂ“}j are the ensemble members of initial perturbations with respect to the
basic state x,. The superscript [, which denotes the outer-loop number, is omitted to
prevent confusion. The analysis ensemble perturbations generated by an EnKF can be used
to construct Xg.

Let M.(-) be the time evolution operator of the low-resolution version of Eq. (1) for time

t > t,. We can approximate the perturbations at time t using Xg as follows:

8x(t) = M,(xo) — M,(Xo) = M,(X, + X\ u) — M, (%,), (16)
where u is a vector of control variables in N'-dimensional ensemble space. The Taylor

expansion yields

Sx(t) = (% . x) ) u+ <( x)' gxlaVI; 0) wu (17)
This equation corresponds to Eq. (9). Note that for i,j =1,---,N’,

% Xo gl - % Xo ng(i)' (19)

00 G, X =) G e

ij
and

oM
M, (xo + 6xf( )) M, (x,) —k

1 TJ*M
£ 20l 4 (5 0) L

5xf®, (20)
%o 0x0x % 0

15



312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

SxlW 4 5270 1 oM N1 0M .
M| X0 + — O |~ M%) + —=——| 6l + ——t sxfP
t < 0 \/i t 0 \/E ax %o 0 \/E ax %o 0
1 T 0%2M N1 T 0%2M N1 T 0%M -
- f@ t f@ - f@ t fG) , = () t £
+ 4 (6x0 ) 0x0x Oxp" + 2 (6x0 ) 0x0x 0%, "+ 4 (6x0 ) 0x0x o v

%o %o %o

(21)
where i # j in Eq. (21). The factor 1/v/2 on the left-hand side of Eq. (21) is introduced to
normalize the magnitude of perturbations; if perturbations have the same variance and are
uncorrelated with each other, the variance of (ng(i) + Sx{;(j)) /V2 is equal to that of 6x£(i).
The left-hand sides of Eqgs. (20) and (21) can be computed by ensemble prediction; solving
these equations for the vectors in Egs. (18) and (19) yields the expansion coefficients in Eq.
(17).

An approximated cost function in ensemble space is obtained by substituting Eq. (17)
into Eq. (5), changing from a continuous time framework to a discrete time framework. This
cost function can be minimized by quantum annealing and the resulting minimum point u;,
can be converted into the minimum point in state space, as xpi, = X, + Xgumin. However,
itis necessary to generate the N'(N’ + 3)/2-member ensemble given on the left-hand sides
of Egs. (20) and (21)); this may be infeasible in a high-dimensional system even if a low-
dimensional numerical model is used. A feasible method would be to use an artificial
intelligence (Al)-based surrogate model for ensemble prediction, which would be much

faster than a physics-based numerical model, although there is still a problem of

underestimation of ensemble spread (e.g., Selz and Craig 2023).
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2.3 Quantum annealing
a. Physical concept
Quantum annealing is a combinatorial optimization method based on quantum dynamics

of the Ising model. The Hamiltonian operator of this model of an L-spin system is given as
L
Ho=— J;u 6767 - z b, 67, (22)

where 67 is the z component of the Pauli operator of the jth spin, J;. is the interaction
coefficient between the jth and kth spins, and h; is the magnetic field acting on the jth
spin in the z direction. The Pauli operator can be represented by the Pauli spin matrices.
Let |T) and |!) represent the up and down spin state, respectively. The following equations
hold.

gen=1mn, &) =—1). (23)

We can obtain the ground state of Hamiltonian Eq. (22) by quantum annealing. The total

Hamiltonian of quantum annealing is given as

L
A(t) = ADH, + B() Z(—af), (24)
=

where 6;° is the transverse component of the Pauli operator of the jth spin, which satisfies

1
GX|+) = +|+), |4) = ﬁ(m + 1)), (25)

and B(t) represents the transverse magnetic field. The negative sign in the second term of

Eq. (24) ensures that |+) has a lower energy. A(t) interpolates between B(t;) Zle(—@x)
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at initial time t; and H, at final time tr; A(t) is an increasing nonnegative function with
A(t) =0 and A(t;) =1; and B(t) is a decreasing nonnegative function with B(t;) = 0.
The initial state at t = t; is set to the ground state of B(t;) Zle(—&j"), which consists of a
superposition of up and down spins |+);|+), - |+)., Wwhere the subscript denotes the index
of transverse spins. If the change in H(t) with t is sufficiently small, the spin state evolves
adiabatically and arrives at the ground state of H, at t = ty according to the adiabatic
theorem of quantum dynamics (Born and Fochs, 1928); a physical system remains in its
instantaneous eigenstate if a given perturbation is acting on it slowly enough and if there is
a gap between the eigenvalue and the remainder of the Hamiltonian spectrum. Rajak et al.
(2023) described the basic physical concept behind quantum annealing, provided an
overview of recent theoretical findings, and reported experimental developments pointing to
issues that are still debated. The spin state can be mapped to a binary variable b € {0,1}
and the Hamiltonian operator can be mapped to the cost function of which the global
minimum is sought. Therefore, quantum annealing is used to solve QUBO problems.
Simulated annealing is a combinatorial optimization method that represents a classical
counterpart to quantum annealing. In this method, the Boltzmann distribution of the
Hamiltonian H, is prepared at a sufficiently high temperature using the Monte Carlo method
and the system is slowly annealed down to a temperature of zero. If annealing is sufficiently
slow, we can expect the system to arrive at the ground state of H, with high probability.

Thus, simulated annealing utilizes thermal fluctuations for optimization, which induces the
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thermal jump across an energy barrier from one local minimum to another. By contrast, in

quantum annealing, quantum tunneling induces an escape from a local minimum through

an energy barrier. Therefore, if a local minimum in the landscape of H, is surrounded by

tall, and thin energy barrier, quantum tunneling has an advantage over thermal fluctuations

in overcoming this energy barrier, which explains why quantum annealing outperforms

simulated annealing in a system with a rugged energy landscape.

b. Reduction to QUBO

When quantum annealing is applied to solve a continuous-variable optimization problem

such as the minimization of Eq. (5), the problem must be reduced to a QUBO problem.

Chancellor (2019) proposed the domain-wall encoding to transform a continuous-variable

optimization problem into a QUBO problem; this encoding method was used by Koh and

Nishimori (2022), Abel et al. (2022), and Arai et al. (2023) to investigate the performance of

guantum annealing in continuous-variable optimization in one and two dimensions. However,

it is not suitable for the 4DVar optimization problem, because computation of the cost

function is highly expensive.

The first task is to encode control variables u into binary variables b. Let Z denote the

number of bits per real number. The following binary encoding is adopted in this study.

u=rQE;b—1,), (26)

where E, is an n x nZ matrix defined by
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E,=L®el = O f} A (l 1. i) @27
oo el
The operator @ is the Kronecker product, and 1,, and I,, are the n-dimensional vector of
which the components are all unity and the n-dimensional identity matrix, respectively. A
similar binary coding was adopted by Inoue et al. (2020) and Kotsuki et al. (2024); however,
we do not need a large Z value, because the minimum point obtained by quantum
annealing is not used for the analysis itself, but solely to guide the selection of a control
space region to explore. Because each component u; given by Eq. (26) satisfies —r < u; <
r, the parameter r represents the search range of the control variables. Note that when the
Z value is fixed, the interval of neighboring values of the control variables increases with r.
Substituting Eq. (26) into Egs. (7) and (9), Egs. (8) and (14), or Eq. (17) makes the cost
function Eq. (5) a quartic polynomial in b, which is hereafter denoted by J,(b).

Next, we transform J/,(b) into a quadratic polynomial in binary variables. For this
purpose, we transform Eq. (9), (14), or (17) expressed in b into a linear function of binary
variables by replacing a product of two binary variables b;b; by an auxiliary binary variable
b;;. Then, the cost function ,(b) is transformed into a new cost function ,(b, b). To satisfy
the constraint Bl-j = b;b;, we introduce the following function (Nishimori and Ozeki 2018):

H(by, bj, b;j ) = 3b;; + b;b;j — 2b;b;; — 2b;b;; (28)
This quadratic function vanishes when El-j = b;b;, and takes a positive integer value, 1 or 3,

when b;; # b;b;. Then, H(b;, b;,b;; ) can be used as a penalty term, and the minimization
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problem of Eq. (5) can be reduced to a QUBO problem with the following cost function:

nz
L(b,B) = 2T,(b,B) + ) H(bibyby), (29)

i<j
where A is a parameter controlling the relative strength of the penalty terms. We minimize
this cost function using quantum annealing to obtain guidance on where to explore in control
space to find the global minimum of the original cost function. The total number of binary
variables in Eq. (29) is nZ + nZ(nZ — 1) /2. Because multiplying two real numbers doubles
the number of bits, we can reduce the number of auxiliary binary variables. Let Z; and Z,
denote the numbers of bits in encoding u in the linear and quadratic terms in Eq. (9),
respectively. If Z, < Z;, the total number of binary variables is reduced to nZ; +

nZ,(nZ, —1)/2.

3. Experimental design

We conducted data assimilation experiments with the Lorenz-63 model as a proof of
concept. Because the model has only three state variables, a low-resolution model is not
needed and the matrices in Eq. (9) are computed directly without using the transformation
in Eq. (8). For preliminary experiments and comparisons, we also conducted data
assimilation experiments with the proposed method using simulated annealing instead of
quantum annealing. For these comparison, the assimilation method based on simulated

annealing is hereafter referred to as SA-4DVar, and the original method is called QA-4DVar.
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3.1 Model
The governing equations of the Lorenz 63 model are

dx N dy dz 30

i ox + oy, dt—px y — Xz, dt_xy Bz, (30)
where the three parameters are set to the conventional values: ¢ =10, § =8/3,and p =
28. The Lyapunov exponents of the model, which characterize the rates of separation of
infinitesimally close trajectories in state space, are 0.906, 0, and -14.572, and the Kaplan—
Yorke dimension of the attractor (Kaplan and Yorke 1979) is 2.062 (e.g., Sprott, 1997). In
our experiments, the fourth-order Runge-Kutta scheme was used for time integration, with
a time step of 0.01. The initial condition at t = 0 is set to Gaussian random numbers with a
mean of 0 and variance of 1. Time integration of the model from t = 0 to t = 1100 was

performed to generate the truth data for the experiments.

The first- and second-order perturbation equations of the Lorenz 63 model are as follows:

d Sx?t - o 0 Sx?t

wor) =7 2 () o
dt 65z1 y X =B/ \§z1

d Sx? —0 o 0 Ox? 0

—<5y2) = <p -z -1 —f) <6y2> + <—5x1521> (32)
A\ 572 y X =B/ \sz2 6x'oy?

with the initial conditions given by Eq. (13).

3.2 Observations

The state variables were directly observed at a time interval of unity, and observations

were generated by adding random errors to the truth data. These errors were independent
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random draws from a Gaussian distribution with a mean of 0 and variance of 1. Under these
conditions, the observation operator H;, and observation error covariance matrix R, are
both given by the three-dimensional identity matrix I;. The maximum Lyapunov exponent
of the model was 0.906 and the time interval of observations was set to 1, such that the
model evolution between adjacent observation times was strongly nonlinear. The quasi-
static variational assimilation proposed by Pires et al. (1996) does not work under these

conditions due to the coarse temporal resolution of observational data.

3.3 Data assimilation settings
The cost function of incremental 4DVar for the [th outer loop, expressed in terms of the

control variable u, is derived from Egs. (5), (7), and (9) as
1 2 1w 2
JO M) = > ”u + L‘le(()l) ” + EZ ||5x§<l)(u) - d;(cl) ” , (33)
k=1

3
where B = LL" and H; = R, = I; are substituted. Matrices Mg) and {N,({lz}
i=

_ in Eq. (9)
are computed by integrating Eqgs. (31) and (32) from six initial conditions: §x(0) =
(1,0,0)7,(0,1,0)%, (0,0, )7, (1,1,0)7,(0,1,1)T, and (1,0, DT.

We used the hybrid 4DVar in which the background error covariance matrix at the
beginning of the assimilation window was set to the analysis error covariance matrix by the

stochastic EnKF (Burgers et al. 1998; Houtekamer and Mitchell 1998), with an ensemble

size of 100. Because EnKFs yield flow-dependent forecast and analysis error covariance
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matrices by computing the time-evolution of a forecast ensemble, the background error
covariance matrix becomes flow-dependent. The stochastic EnKF, which constructs an
analysis ensemble by perturbing observational data, is more robust to nonlinearity than the
deterministic EnKF, which constructs it by transforming a forecast ensemble (Lawson and
Hansen 2004; Lei et al. 2010; Tsuyuki 2024). Therefore, the stochastic EnNKF was more
suitable for our experiments. The adaptive covariance inflation proposed by Li et al. (2009)
based on innovation statistics (Desroziers et al. 2005) was used in the EnKF. The Broyden—
Fletcher—Goldfarb—Shanno (BFGS) method was adopted for gradient descent, and the
control variable u defined by Eq. (7) was introduced to accelerate the convergence.

The length of the assimilation window was set to 1 or 3, such that K =1 or 3 in Eq. (33).
Data assimilation experiments with these window lengths are strongly nonlinear because
observations are available only at a time interval of 1. Data assimilation experiments with a
window length of 3 are more nonlinear than those with a window length of 1. In the former
assimilation window, three independent data assimilation cycles were run starting from t =
0, 1, and 2. The analysis at the end of the assimilation window is used to calculate the root
mean square error (RMSE) of analysis against the truth. The assimilation period was set to
1100, and the first 100 samples were discarded as spin-up. Thus, 1000 samples were used
for verification for each assimilation window length. There were three and nine assimilated
observations for window lengths of 1 and 3, respectively. As mentioned in Section 2.2.a, we

set the threshold J, to the upper 0.01% point of the y? distribution with degrees of freedom
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given by the number of observations. Thus, the threshold values of the cost function J. were

10.544 and 16.860 for window lengths of 1 and 3, respectively.

3.4 Quantum and simulated annealing settings

The QUBO problem of the cost function Eq. (29) was solved by changing the search

range of control variables r up to 10. The parameter 1 in Eq. (29) was set to 0.01, based

on results of a preliminary simulated annealing experiment where 4 =0.1, 0.01, and 0.001.

The number of reads for quantum and simulated annealing was set to 10; i.e., we repeated

the annealing process 10 times and adopted the best result as the minimum. We examined

the sensitivity of data assimilation experiments to this parameter for both quantum and

simulated annealing, and found that there was no improvement tendency in the analysis

RMSE and failure rate as the parameter increased, perhaps due to the small numbers of

binary variables.

For quantum annealing, we used D-Wave Advantage v4.1, which consists of 5627

physical qubits and 177 logical qubits (D-Wave Systems 2022a, 2023). The 177 logical

qubits were subsequently available for computation. The numbers of bits were setto Z; = 4

and Z, = 2, then the number of binary variables was 27 (see the equation given at the end

of Section 2). We used the default settings except for the number of reads. The average

execution time per annealing with 10 reads was about 18 ms for a window length of 3; this

value remained almost constant with each computation, probably because a constant
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annealing time was used.

For simulated annealing, we use the Simulated Annealing Sampler (D-Wave Systems

2022b) with PyQUBO (Tanahashi et al. 2019; Recruit Communications) adopted as a

supplementary software. PyQUBO allows better code readability, reduced compilation time,

and automatic validation of the satisfaction of given constraints. We used the default settings

except for the number of reads and the seed of random number generation. For comparison,

Z, = Z, =4 (with 78 binary variables) was adopted in addition to Z; =4 and Z, = 2. For

the case of Z; =4 and Z, = 2, the average execution time per annealing with 10 reads is

about 16 ms for a window length of 3 on a personal computer with an Intel® Core™ i5-

8250U central processing unit at 1.60 GHz. This value changed considerably with each

computation, because annealing was terminated when a convergence condition was

satisfied.

4. Results

We first present the results of data assimilation experiments using hybrid 4DVar to show

the difficulty of the conventional 4DVar under strong nonlinear conditions. Next, we provide

examples of the landscape of the cost function in state space, including those of the first-

and second-order approximated cost functions. These examples are useful interpreting the

results of data assimilation experiments using the proposed method, which are presented

after that part.
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4.1 Performance of hybrid 4DVar

Figure 3a shows a scatter diagram on a logarithmic scale between the convergence
value of the cost function J, and the analysis RMSE of hybrid 4DVar without EnKF
replacement for a window length of 1. There was almost no correlation between these values
for J, < J. =10.544, whereas a strong positive correlation was observed for J, > J., where
in most cases the analysis RMSE of hybrid 4DVar without EnKF replacement was larger
than the mean analysis RMSE of the stochastic EnKF, which was 0.813 (blue line). This
result indicates that the criterion based on the upper 0.01 % point of the y? distribution is
useful for determining whether the global minimum has been reached. In this figure, we
define success as J, < J., with all other cases defined as failure. The failure rate is 4.8 %
and the mean analysis RMSE only for successful cases is 0.630, which is much smaller than
that of the EnKF. This is an expected result, because 4DVar, which does not assume linearity,
is more accurate than the EnKF in strongly nonlinear regimes if the global minimum can be
reached.

The accuracy of hybrid 4DVar can be improved by adopting EnKF replacement. A
positive feedback mechanism working in assimilation cycles further contributes to this
improvement; if the analysis of a certain assimilation cycle is improved by EnKF replacement,
then the background state of the next assimilation cycle is also improved; as a result, the

possibility of falling into a local minimum is reduced. Figure 3b shows a scatter diagram of
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hybrid 4DVar with EnKF replacement. The failure rate is decreased to 2.1 % and the mean

analysis RMSE including the failure cases is 0.600, which is smaller than that of hybrid

4DVar without EnKF replacement even when only successful cases were considered.

Scatter diagrams for a window length of 3 are shown in Fig. 4. The threshold value J. is

16.860. Compared to a window length of 1, the failure rates increased substantially to 39.6%

and 66.7% with and without EnKF replacement, respectively. As mentioned in Section 1, we

expect that adopting a longer assimilation window would improve accuracy of our results.

The mean analysis RMSE of successful cases for hybrid 4DVar without EnKF replacement

was 0.542 for a window length of 3; this value is clearly smaller than the corresponding value

for a window length of 1 (0.630). However, the mean analysis RMSE for hybrid 4DVar with

EnKF replacementis 0.667 for a window length of 3, which is larger than the corresponding

value for a window length of 1 (0.600). Thus, our expectation is not met even when EnKF

replacement is adopted, due to many failures in the search for global minima for assimilation

cycles with a window length of 3, and EnKF analysis is less accurate than 4DVar analysis

when the global minimum is reached.

4.2 Landscape of the cost function

The performance of 4DVar strongly depends on the landscape of the cost function in

state space. Figures 5-8 present example cross-sections of J(dx,) and its first- and

second-order approximations along éx, = 8y,, which are roughly parallel to the attractor of
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the Lorenz-63 model. These cross-sections are obtained from data assimilation experiments

by SA-4DVar with one outer loop and Z; =Z, = 4. The search ranges of the control

variables are set to 4.5 and 1.5 for window lengths of 1 and 3, respectively. The center of

each cross-section indicated by “X” is the background state, which is the starting point of the

gradient descent method. The isosurface of the first-order approximated cost function is a

hyperellipsoid. Because the background error standard deviation, which is equal to the

analysis error standard deviation of the EnKF, is about 0.9, the difference in magnitude

between the state variable deviation §x, and control variable u is small.

The first example (Fig. 5) is for a window length of 1 at t =159, which is the time at the

end of the assimilation window. The convergence values of the cost function before and after

invoking simulated annealing are 187.791 and 0.965, respectively, indicating that a failure

to reach the global minimum can become a success through simulated annealing. The

landscape of the cost function is characterized by a shell-like structure that appears as an

arch in the cross-section, with a deep valley between the high ridges along the arch (Fig.

5a). Because the background state is located at the outer foot of one of these ridges, it

appears that the gradient descent method cannot reach into the deep valley. The first-order

approximation of the cost function around the background state is shown in Fig. 5b, which

shows only a shallow, straight valley; the direction of gradient vector at the background state

is identical to that of the original cost function. However, the second-order approximation of

the cost function partly reflects the shell-like structure (Fig. 5¢). As the global minimum is
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generally not located on this cross-section, it is difficult to guess how the global minimum is

reached by simulated annealing.

The second example (Fig. 6) is for a window length of 1 at t =131. The convergence

value of the cost function is 109.061 both before and after invoking simulated annealing,

indicating a failure of SA-4DVar. A shell-like structure of the cost function is evident in Fig.

6a, although it is weak compared to the first example. Unlike Fig. 5a, there is no deep valley

within the arch in the cross-section, but a deep concave zone is visible on the opposite side

of the arch when viewed from the background state. The global minimum may be located

on the opposite side of the shell-like structure, and it may be difficult for the gradient descent

method to reach it. The first-order approximation of the cost function represents a deep,

wide valley (Fig. 6b), whereas the second-order approximation shows a more complex

structure but fails to represent the deep concave zone on the opposite side (Fig. 6c).

The third example (Fig. 7) is for a window length of 3 at t =116. The convergence values

of the cost function before and after invoking simulated annealing were 34.895 and 6.281,

respectively, indicating that a failure in reaching the global minimum becomes successful

through simulated annealing. The landscape of the cost function is much more complicated

than that for a window length of 1; it can be interpreted as having multiple incomplete shell-

like structures, with a similar landscape to that described by Pires et al. (1992). The

background state appears to be located in the deepest concave area (fig. 7a), which consists

of fine double wells that could lead to failure in searching for the global minimum. The first-
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order approximation cannot represent these fine double wells, whereas the second-order

approximation partly captures this structure and successfully identifies a possible global

minimum (Fig. 7b, c).

The last example (Fig. 8) is for a window length of 3 at t =159. The convergence values

of the cost function before and after invoking simulated annealing were 247.378 and 225.990,

respectively, indicating a failure of SA-4DVar. The landscape of the cost function in this case

is also complex with multiple shell-like structures, and the background state is located

around the edge of one of these shells (Fig. 8a). Both the first- and the second-order

approximations of the cost function represent narrow valleys; the latter valley is much

narrower (Fig. 8b, c). The background state appearss far from the true state, which may

have caused the failure.

4.3 Performance of the proposed method

To confirm the benefit of using the second-order approximation of the cost function over

the first-order approximation, we conducted data assimilation experiments with SA-4DVar

using the first- and second-order approximations, although SA-4DVar is supposed to use

the latter approximation in the proposed method. For this analysis, the two SA-4DVar

methods are referred to as first- and second-order SA-4DVar, respectively. In first-order SA-

4DVar, the second term on the right-hand side of Eq. (9) is neglected, and the numbers of

bits are set to Z, = Z, = 4. Figure 9 compares the failure rate of hybrid 4DVar with EnKF
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replacement (orange line) with those of the two SA-4DVars (other lines) for window lengths

of 1 and 3, varying the number of outer loops and the search range r. For hybrid 4DVar with

EnKF replacement, the number of cases where J, > J. is much smaller for a window length

of 1 than for a window length of 3 (Figs. 3b and 4b). This result suggests that the number of

operations of simulated annealing for a window length of 1 is also much smaller than that

for a window length of 3. To obtain robust results, the average results for five experiments

are plotted in Fig. 9a for a window length of 1, whereas those from only one experiment are

plotted in Fig. 9b for a window length of 3. The standard deviations are at most 0.002 for

both of the failure rate and mean analysis RMSE for a window length of 1. The numbers of

operations of simulated annealing for second-order SA-4DVar with three outer loops are

41.8 on average at r =5 for a window length of 1, and 484 at r =1 for a window length of

3. The average numbers of iterations of the BFGS method per outer loop for the same SA-

4DVar are 15.4 at r =5 for a window length of 1, and 20.6 at r =1 for a window length of 3.

For a window length of 1 (Fig. 9a), both SA-4DVars show better performance than hybrid

4DVar with EnKF replacement in terms of the failure rate; as expected, second-order SA-

4DVar shows superior performance to first-order SA-4DVar. The failure rate decreases as

the number of outer loops is increased. An unexpected result is that first-order SA-4DVar

works well compared to hybrid 4DVar with EnKF replacement, because the searching

method depicted in Fig. 1 does not work if the first-order approximation is used. However, if

the global minimum is located to the left of the local minimum in Fig. 1, then there is a chance

32



647

648

649

650

651

652

653

654

655

656

657

658

659

660

661

662

663

664

665

666

that the cost function approximated around the background state up to the first order also

includes the minimum point within the attraction of domain of the global minimum, as in a

manner similar to the second-order approximation. Notably, hybrid 4DVar with EnKF

replacement attempts the search process using the gradient descent method only once,

whereas first- and second-order SA-4DVars attempt more than once and therefore have a

greater chance of finding the global minimum. We expect that the probability of success of

first-order SA-4DVar decreases compared to that of second-order SA-4DVar as the problem

size is increased, due to its poor accuracy of approximation. Another unexpected result for

a window length of 1 is that the minimum failure rate of second-order SA-4DVar with two or

three outer loops is obtained around r = 5, because the second-order incremental

approach is based on Taylor expansion and therefore its validity may be guaranteed for r <

1. This phenomenon may be explained in terms of the landscape of the cost function for a

window length of 1 (Figs. 5a and 6a). When the global minimum is located along the shell-

like structure of the landscape, a large search range is desirable. However, this result seems

entirely accidental due to the particular landscape of the cost function, and is not a general

result.

For a window length of 3 (Fig. 9b), the improvement obtained by the two SA-4DVars

becomes more significant compared to hybrid 4DVar with EnKF replacement, partly due to

the positive feedback in assimilation cycles, as described in Section 4.1. Second-order SA-

4DVar is also superior to first-order SA-4DVar in terms of the failure rate when r < 3.
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However, although the smallest failure rates are obtained by second-order SA-4DVar when

r = 1, the opposite is true when r > 4. This unexpected result may be explained in terms

of the landscape of the original and approximated cost functions (Figs. 7 and 8). The original

cost function for a window length of 3 has a rugged, complicated landscape compared to

that for a window length of 1, and the first-order approximation tends to yield a smooth, flat

landscape compared to the second-order approximation. As a result, when r is large, the

minimum point obtained by first-order SA-4DVar may be more likely to be found in the

domain of attraction of a possible global minimum.

Based on the results presented in Fig. 9, where the numbers of bits are setto Z; =7, =

4, we compare the performance of QA-4DVar and SA-4DVar for small r values with the

numbers of bits set to Z; = 4 and Z, = 2. Figure 10 shows the failure rates and mean

analysis RMSEs of QA-4DVar (solid lines) and SA-4DVar (dotted line) for a window length

of 1. SA-4DVar is identical to second-order SA-4DVar in Fig. 9 except for the numbers of

bits. Averages over five experiments are presented for the reason mentioned in the first

paragraph of this section. QA-4DVar and SA-4DVar show very similar minimum failure rates

and RMSEs at r =4 for each window length, but QA-4DVar tends to perform better than

SA-4DVar at other values of r. These results demonstrate that QA-4DVar shows

comparable or superior performance to SA-4DVar, possibly due to quantum tunneling, and

that two outer loops are almost sufficient for a window length of 1. The smallest failure rate

and mean analysis RMSE are obtained at r = 4.5 using QA-4DVar with three outer loops.
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Figure 11 shows the failure rates and mean analysis RMSEs of QA-4DVar (solid lines)

and SA-4DVar (dotted line) for a window length of 3. The longer window benefits more from

the 3rd outer loop because this is a more nonlinear problem. QA-4DVar and SA-4DVar

showsimilar performance. A comparison between Figs. 10b and 11b reveals that increasing

the length of the assimilation window reduces the accuracy of hybrid 4DVar with EnKF

replacement, whereas the opposite trend is observed for both QA-4DVar and SA-4DVar.

Thus, the proposed method derivess a benefit from increasing the window length. A

comparison of Figs. 10 and 11 with Fig. 9 reveals little evidence of any adverse effect of

reducing the Z, value.

Figure 12a is a scatter diagram of QA-4DVar results for a window length of 1 with three

outer loops and r = 4.5. This experiment has the smallest failure rate among the five

experiments. Compared to hybrid 4DVar with EnKF replacement (Fig. 3b), the failure rate is

reduced from 2.1% to 0.6% and the mean analysis RMSE is reduced from 0.600 to 0.586.

Figure 12b shows a scatter diagram of QA-4DVar results for a window length of 3 with three

outer loops and r =1.5. The failure rate and mean analysis RMSE are significantly improved

compared to hybrid 4DVar with EnKF replacement (Fig. 4b); the failure rate is reduced from

39.6% to 8.1% and mean analysis RMSE is reduced from 0.667 to 0.547. Notably, this mean

analysis RMSE value is almost equal to that of hybrid 4DVar without EnKF replacement for

successful cases only (Fig. 4a).
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5. Summary and Discussion

This study proposes a method of searching for the global minimum in 4DVar by

combining a second-order incremental approach and quantum annealing for QUBO, in

which the latter provides guidance on where to explore in state space by minimizing an

approximated cost function This approximated cost function is constructed in low-

dimensional space by expanding state variables up to the second order around the basic

state of an outer loop, encoding the perturbation variables into binary variables, and

transforming second-order terms into first-order terms according to a property of binary

variables. We also propose two approximation methods in state space and ensemble space

to reduce the problem size. If the global minimum cannot be reached after a couple of

iterations of the outer loop, the 4DVar analysis is replaced by an EnKF analysis in

assimilation cycles.

Data assimilation experiments using the Lorenz 63 model were conducted as a proof of

concept of the proposed method. The results revealed that the proposed method can

significantly reduce the frequency of falling into local minima, and that the benefit of

extending the length of the assimilation window is realized even in strongly nonlinear

regimes. Data assimilation experiments adopting simulated annealing instead of quantum

annealing showed that the performance of quantum annealing is comparable to or better

than that of simulated annealing, possibly due to quantum tunneling. Additional experiments

to investigate further the performance of the proposed method and comparisons with other
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methods are among the topics of future study.

Since the data assimilation experiments were conducted using the Lorenz 63 model the

performance of each approximation method described in Section 2.2 was not examined.

However, it is important to clarify the effectiveness of using the minimum point obtained by

quantum annealing in low-dimensional space as guidance for determining which regions of

state space to explore. Therefore, subsequent research will focus on data assimilation

experiments using a higher-dimensional model such as the Lorenz 96 model with the

approximation methods described in this study. Only 177 logical qubits are available on D-

Wave Advantage v4.1; therefore, SA-4DVar must be adopted as a data assimilation method

instead of QA-4DVar. Simulated quantum annealing (e.g., Nishimori and Ozeki 2018), which

simulates some aspects of quantum annealing on a classical computer, may also be applied.

Data Availability Statement

The output data from this study have been archived and are available upon request to

the corresponding author.

Supplement

The Python programs of data assimilation experiments with QA-4DVar and SA-4DVar

used in this study are available as the supplementary material of this paper.
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List of Figures

Fig. 1. Schematic of the search for the global minimum of a cost function (blue solid line)

in a one-dimensional system. Quantum annealing (QA) provides guidance on where to

explore by minimizing an approximated cost function (orange dashed line). Crosses

indicate the starting points for minimization of the cost function by gradient descent; black

circles indicate the minima of the cost function, and the white circle indicates the minimum

of the approximated cost function obtained by QA in discrete space, where the control

variable is assumed to take integer values only.

Fig. 2. Workflows for (a) the proposed method of searching for the global minimum in

4DVar and (b) hybrid 4DVar with EnKF replacement used for comparison. If the

convergence value of the cost function J, exceeds the threshold, /., then gradient

descent (GD) is assumed to have failed to reach the global minimum, and either quantum

annealing (QA) or EnKF replacement is conducted.

Fig. 3. Scatter diagrams of J, and analysis RMSE in assimilation cycles with a window

length of 1 for (a) hybrid 4DVar without EnKF replacement and (b) hybrid 4DVar with EnKF

replacement. Blue line indicates mean analysis RMSE of EnKF; dotted line indicates J..

Mean analysis RMSEs and failure rates of hybrid 4DVars are shown in each panel, and
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mean analysis RMSE only for cases where J, < J. is also shown in (a).
Fig. 4. Same as Fig. 3 except for a window length of 3.

Fig. 5. Cross-sections of the cost function in state space along 6x, = 6y, at t =159 in
assimilation cycles of SA-4DVar for a window length of 1 with one outer loop for (a) the
original cost function, (b) first-order approximation, and (c) second-order approximation.

The origin (“X”) is the background state, and ds, is the coordinate along 6x, = 6y,,

defined by sgn(dx,) /(Sxoz + 8y,°. The numbers of bits are Z, = Z, = 4.

Fig. 6. Same as Fig. 5 except for t =131.
Fig. 7. Same as Fig. 5 except for a window length of 3 and t =116.
Fig. 8. Same as Fig. 5 except for a window length of 3 and t =159.

Fig. 9. Failure rates of first-order SA-4DVar (dotted lines) and second-order SA-4DVar
(solid lines) plotted against the search range r for window lengths of (a) 1 and (b) 3.
Averages over five experiments are presented in (a). Orange line indicates the failure rate

of hybrid 4DVar with EnKF replacement. Green, blue, and cyan lines indicate one, two,
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and three outer loops, respectively. The numbers of bits are Z; = Z, = 4.

Fig. 10. (a) Failure rates and (b) mean analysis RMSEs of QA-4DVar (solid lines) and SA-

4DVar (dotted lines) plotted against the search range r for a window length of 1.

Averages over five experiments are presented. Orange line indicates the failure rate of

hybrid 4DVar with EnKF replacement. Green, blue, and cyan lines indicate one, two, and

three outer loops, respectively. The numbers of bits are Z, =4 and Z, = 2. SA-4DVar is

the same as second-order SA-4DVar in Fig. 9 except for the numbers of bits.

Fig. 1. (a) Failure rates and (b) mean analysis RMSEs of QA-4DVar (solid lines) and SA-

4DVar (dotted lines) plotted against the search range r for a window length of 3. Orange

line indicates the failure rate of hybrid 4DVar with EnKF replacement. Green, blue, and

cyan lines indicate one, two, and three outer loops, respectively. The numbers of bits are

Z, =4 and Z, = 2. SA-4DVar is the same as second-order SA-4DVar in Fig. 9 except for

the numbers of bits.

Fig. 12. Scatter diagrams of J, and analysis RMSE in assimilation cycles for QA-4DVar

with three outer loops for window lengths of (a) 1 and (b) 3 for optimal r values of 4.5

and 1.5, respectively. Blue line indicates mean analysis RMSE of EnKF; the dotted line

indicates J.. Mean analysis RMSEs and failure rates of QA-4DVar are shown in each
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952 indicate the starting points for minimization of the cost function by gradient descent; black
953 circles indicate the minima of the cost function, and the white circle indicates the minimum
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964 descent (GD) is assumed to have failed to reach the global minimum, and either quantum
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986 original cost function, (b) first-order approximation, and (c) second-order approximation.
987 The origin (“X”) is the background state, and s, is the coordinate along 6x, = 6y,
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1006  Fig. 8. Same as Fig. 5 except for a window length of 3 and t =159.
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1010

1011 Fig. 9. Failure rates of first-order SA-4DVar (dotted lines) and second-order SA-4DVar

1012 (solid lines) plotted against the search range r for window lengths of (a) 1 and (b) 3.
1013 Averages over five experiments are presented in (a). Orange line indicates the failure
1014 rate of hybrid 4DVar with EnKF replacement. Green, blue, and cyan lines indicate one,
1015 two, and three outer loops, respectively. The numbers of bits are Z; = Z, = 4.
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1018
1019  Fig. 10. (a) Failure rates and (b) mean analysis RMSEs of QA-4DVar (solid lines) and SA-

1020 4DVar (dotted lines) plotted against the search range r for a window length of 1.
1021 Averages over five experiments are presented. Orange line indicates the failure rate of
1022 hybrid 4DVar with EnKF replacement. Green, blue, and cyan lines indicate one, two, and
1023 three outer loops, respectively. The numbers of bits are Z; =4 and Z, = 2. SA-4DVar
1024 is the same as second-order SA-4DVar in Fig. 9 except for the numbers of bits.
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Fig. 11. (a) Failure rates and (b) mean analysis RMSEs of QA-4DVar (solid lines) and SA-
4DVar (dotted lines) plotted against the search range r for a window length of 3. Orange
line indicates the failure rate of hybrid 4DVar with EnKF replacement. Green, blue, and
cyan lines indicate one, two, and three outer loops, respectively. The numbers of bits are
Zi =4 and Z, = 2. SA-4DVar is the same as second-order SA-4DVar in Fig. 9 except

for the numbers of bits.
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1034 (a)
Scatter diagram (QA-4DVar, WL=1, 3-outer, r=4.5)

RMSE = 0.586 failures = 0.6%
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1035 (b)

Scatter diagram (QA-4DVar, WL=3, 3-outer, r=1.5)

RMSE = 0.547 failures = 8.1%
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1036

1037  Fig. 12. Scatter diagrams of J, and analysis RMSE in assimilation cycles for QA-4DVar

1038 with three outer loops for window lengths of (a) 1 and (b) 3 for optimal r values of 4.5
1039 and 1.5, respectively. Blue line indicates mean analysis RMSE of EnKF; the dotted line
1040 indicates J.. Mean analysis RMSEs and failure rates of QA-4DVar are shown in each
1041 panel. The numbers of bits are Z, =4 and Z, = 2.
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