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Plain Language Summary: The ensemble transform matrix T in the Ensemble Transform Kalman
Filter is observed to have the diagonally predominant property, i.e. the diagonal terms are at least an
order of magnitude larger than the off-diagonal terms, but why it possesses such a property has not
been well understood. This property has shown to have a close connection to the fact that T is the
closest matrix to a scalar multiple of the identity I. This fact reveals that T can be decomposed into a
sum of a diagonal matrix D and a full matrix P whose Frobenius norms are proportional, respectively,
to the mean and the standard deviation of the spectrum of T. In general cases, these norms are not
much different but the fact that the number of non-zero elements of P is the square of ensemble size

while that of D is the ensemble size causes the large difference in the orders of elements of P and D.
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Figure 1. (a) An example of the ensemble transform matrix T with 50x50 elements; (b) its
corresponding perturbation matrix P whose elements are multiplied by 10 to make them more
visible; (c) the histogram of the absolute values of the elements of P, which is constructed for nine
bins with the same width set to the standard deviation. The typical magnitude of the entries of P as

suggested by the theory is denoted by “Estimated”.

* T is proved to be the closest matrix to the identity I in the sense of the Frobenius norm among all
valid ensemble transform matrices. This property has been stated but never proved in the data
assimilation literature.

* T is also proved to be the closest matrix to a scalar multiple of I. The scalar multiple of I closest
to T in this case is al where a is the average of the eigenvalues of T.

* The diagonally predominant property is only an empirical fact and not an inherently mathematical
property of T. Violations of this property are rarely observed in practice since their occurrences
require an unrealistic situation where background errors are larger than observation errors by at
least two orders of magnitude.



